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LMSC-448514

FREE MOLECULE FLOW THEORY AND ITS APPLICATION
TO THE DETERMINATION OF AERODYNAMIC FORCES

ABSTRACT

The purpose of this report is twofold. It is designed as an introduction
to free molecule flow theory for those with no background in rarefied gas
dynamics or kinetic theory, and it presents an exact method for the determi-
nation of the forces and moments on bodies in a free molecule flow. Approx-
imate methods are evaluated.

Comparison with the exact method of this report shows that for molecu-
lar speed ratios at satellite altitudes the approximate theories, which do not
completely account for the random motion of the impinging molecules, are
satisfactory for the prediction of CN and CM. For elongated bodies at
small angles of attack, the approximate methods are shown to be inadequate
for the prediction of CA‘ Tables of certain functions requisite to the deter -

mination of free molecule aerodynamic coefficients are presented.
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LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION



wiws

g

O 0O 0 0 o O
Z 2z © o »

1 03
cY .CY CY (CY
A S S Sl

COo ICO ICO ICO ICO I(,JO

I1’2’3’4’5’6

SP SP SP SP SP
ho Ly I

LOCKHEED A!RCRAFT CORPORATION

LMSC-448514

NOTATION

area
average speed of a molecule
axial force coefficient

drag coefficient

lift coefficient

pitching moment coefficient
normal force coefficient

most probable random speed of the
molecules, Cpy = JyERT

Free molecule flow functions for a flat
plate with both sides exposed to the flow

Free molecule flow functions for a flat
plate with one side exposed to the flow

Free molecule flow functions for a
cylinder

- Free molecule flow functions for a cone

Free molecule flow functions for a
spherical segment

unit vectors

Knudsen number

direction cosine between the local x axis
and the direction in which the force is
desired

direction cosine between the local y axis

and the direction in which the force is
desired
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NOTATION (Continued)

- direction cosine between the local z axis
and the direction in which the force is
desired

- characteristic length of the problem under
consideration

- mass of a molecule
- number density of molecules in space

- total number of molecules that impinge
on unit area per unit time

- mass velocity of the gas

- unit vector in the direction of the mass
velocity vector

- gas constant for a particular gas
- molecular speed ratio

- time

- temperature

- components of the total velocity of a
molecule

- comnponents of the mass velocity, g, of
the gas

- components of the random thermal
motion of a molecule

- local axis system

- body axis system

- angle of attack defined as the angle
between the mass velocity and thelongi-

tudinal axis of the vehicle

- thermal accommodation coefficient

vi
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NOTATION (Continued)

@ - quantity defined as/3% é"RLT , ora
general geometric angle

é - semi-vertex angle of a cone

(= - direction cosine between the mass

velocity vector and the local x axis

¥ - direction cosine between the mass
velocity vector and the local y axis

S

direction cosine between the mass
velocity vector and the local z axis

e, - one half the included angle of & spherical
segment
@ - collision frequency of one type i molecule
] with type j molecules

}\ - mean free path of a molecule

/o - mass density of the gas
SUBSCRIPTS:

i - incident molecules

r - reflected molecules

w - wall condition

u - an underlined symbol denotes a vector

vii
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SECTION I
INTRODUCTION

Analysis of the trajectory and attitude control of near earth satellites
requires a knowledge of the forces and moments caused by molecular
impingement. A detailed analysis of these molecular impingement forces
and moments which act on the satellite must be carried out and incorporated
into the vehicle design.

The determination of the aerodynamic force acting on a satellite is a
free molecule flow problem. The first extension of aerodynamic considera=~
tlons to free molecule flow was make by Tsien {Ref. 1) in which he discussed
the method of defining the various flow regimes, continuum, transition and
free molecule, by means of the Knudsen number. Expressions for the lift
and drag coefficients of a surface element were derived. Ashley (Ref. 2)
applied free molecule theory to the determination of lift and drag coefficients
for several shapes and discussed the possibility of aerodynamic flight in the
free molecule regime. Detailed studies by Stalder and associates, (Ref, 3)
developed basic free molecule flow theory and applied it to determine lift
and drag coefficlents for several shapes. However, certain specific agsump-~
tions regarding the temperature (and hence the velocity and momenta) of the
re-emitted molecules which are not applicable in satellite environments tend
to limit the practical usefulness of these results. In this report, any perti-
nent value of the temperature of the reflected rnolecules can be used.

A closed form solution for the free molecule aerodynamic coefficients
can be obtained only for a flat plate and the cylinder. For this reason,
several approximate methods were developed b Gusiafson (Ref. 4) and
Schrello (Ref, 5). Unfortunately both of these solutions break down at amall
molecular speed ratios, and at small angles of attack for all values of
molecular speed ratio. An exact analysis is necessary in many cases and

is prescnted in this report.

1-1
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The interaction of molecules with each other and with container walls
falls in the realm of the kinetic theory of gases. The fundamentals of this
subject are contained in several readily available texts, However, to
facilitate the reader without a background in this field, a development of

the basic concepts is contained in Appendix A of this report,

1-2
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SECTION I
FUNDAMENTALS OF FREE MOLECULE FLOW

A, ASSUMPTIONS ON WHICH FREE MOLECULE FLOW THEORY RESTS

Depending on the governing physical phenomena , the subject of fluid
mechanics can be broken into three general categories., The first is the
ordinary regime of continuum fluid mechanics in which intermolecular w
collisions are the important physical phenomena, The second is called the
"transition regime" in which molecule-molecule and molecule-surface inter=~
actions are of equal importance, The third is the free molecule regime in
which molecule-surface interactions are the governing phenomena. The
regime in which a particular problem falls is determined by a consideration
of a2 non-dimensional parameter called the Knudsen number, Kn. This is de-
fined as the ratio of an appropriate mean free path( )\) of the molecules to an
appropriate characteristic dimension (L) of problem under consideration, '

i.e.,Kn= A detailed discussion of the determination of A\ and L is given in

Section V.L

Based on Knudsen number, the flow regimes are arbitrarily divided as
follows. If the Knudsen number is less than 0.01, the flow is in the con-
tinuum regime; if the Knudsen number is between 0.01 and 10, the flow is in
the transition regime; and if the Knudsen number is greater than 10, the flow
is in the free molecule regime. However, there is some experimental evi-
dence which seems to indicate that free molecule flow may occur at Knudsen
numbers as low as 3 in certain cases.

That the Knudsen number is actually an indication of the flow regime of
a particular problem can be seen by the following consideration., The char-
acteristic length, 1, is determined by the problem of interest. If the Knudsen
number is small, the distance a molecule travels on the average before it
suffers a collision with another molecule is small compared tc the geometry

of the problem. Since )\"(léwhereﬁ is the density of the fluid, this implies

2-1
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that the fluid is dense and thus may be treated as a continuum. If, howevex,
the Knudsen number is large, this means that the distance a molecule travels
between collisions with other molecules is large compared to the geometry
of the problem; and .'sinceAO(# this implies that the density is small and the
gas is rarefied. Thus, the fluid may no longer be considered a continuum
but must be treated as an assembly of discrete particles. For intermediate
values of the Knudsen number, the fluid can not be considered to be a con-
tinuum or a rarefied gas, The flow in this transition regime will exhibit
some of the characteristics of both continuum and rarefied gas flow.

The theory for predicting the aerodynamic forces on a body in continuum
and free molecule flow is available., However, at the present time there is no
adequate theory for predicting the aerodynamic forces on a body in the transi-
tion regime,

In a very rarefied gas, which is the main concern of this report, the mean
free path of the molecules is much greater than a characteristic body dimen-

sion. The basic assumptions of free molecule flow are: 1. that incident

molecule-surface collisions are much more numerous than incident molecule-

incident meclecule collisions and 2. that incident molecule-surface collisions

are much more numerous than incident molecule-reflected molecule collisions,

i¢., the incident flow is undisturbed by the presence of the body and the equi-
librium velocity distribution of the incident molecules is changed only by
collision with the body. Since we have assumed that the incident and re-
flected molecules do not affect each other, the effect on the surface of the
incident and reflected molecules can be computed separately, Thus, the
flow phenomena are governed by the molecule-surface interactions.

In order to compute the force on a body in a free molecule flow, the
molecule-surface interaction must be specified. Most surfaces are rough
as far as a molecule is concerned. The impinging molecule hits the surface,
bounces around in the spaces between the molecules or atoms of the surface
and then at some later time leaves the surface., This interaction is usually
considered in two parts, the momentum transferred to the surface and the
energy transferred to the surface. The momentum which is imparted to the

surface depends on the type of reflection that occurs. Therc are two types

2-2
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of reflection that may occur. They are: specular in which the molecule hits
the surface and is then reflected like a billiard ball, i, e., the angle of inci-
dence equals the angle of reflection (Fig, II-1); and diffuse in which the
molecule hits the surface and is then re-emitted in a random direction, i.e.,
there are as many nwlecules with a particular velocity leaving the surface in
one direction as there are leaving the surface in the opposite direction and
the angle of incidence of a molccule is in no way rclatcd to its angle of re-

flection (Fig. II-2). In both of these reflection processes, the velocity with

DV AN

SPECULAR REFLECT!ON OIFFUSE REFLECTION
0 \'/2 Or IS NOT RELATED TO 6
NOT NECESSARILY EQUAL TO Vi Vr 19 NOT NECESSARILY FQUAL TO Wi

Figure 1l-1 Figure 11-2

which a molecule leaves the surface depends on the amount of energy which
the molecule transfers to the surface before it is re-emitted. The degree of
equilibrium attained between the molecule and the surface before the molecule
is re-emitted is measured by the energy accommodation coefficient, & ,

which is defined as

E; — E,
E' —Ew

[

X =

where Ei is the energy carried to unit area uf the surface by the incident

molecules, Er is the energy carried away from the unit area by the reflected
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molecules and EW is the energy the reflected molecules would carry away
from the surface if they were re-emitted at the temperature of the surface,
T If Er = Ei’ there is no energy exchange between the incident molecules
and the surface andCX = 0. If the incident molecules and the surface reach
thermal equilibrium before the molecules are re-emitted, Er = Ew and X = 1,
It is implicity assumed in the definition of & that all the energies associated
with those molecular degrees of freedom which enter into an energy exchange
with the surface are accommocdated to the same degree. KExperimental
evidence seems to indicate that this is true for the translational and rotational
degrees of freedom, while the vibrational degrees of frcedom are practically
not affected by a surface collision. If nccessary, it is possible to introduce
separate accommodation coefficients for cach degrce of frcedom.

The momentum transferred to the surface is specified by momentum
accommodation coefficients, Maxwell introcduced the momentum accommeoda-
tion coefficient, g, defined as the fraction of molecules that reflect diffusely,
the remainder, (/ -g), being reflected specularly. At the present time, how=~
ever, the trend is toward the use of two momentum accommodation coeffi-
cients, one for tangential momentum,~, and one for normal momentum, U“/.

They are defined as

J = T:"-—Tr: T~ T
T~ Tw 41

=Ry

where T is the tangentia] momentum carried to unit area of the surface by
the incident molecules, T, is the tangential momentum carried away from the
unit area by the specularly reflected molecules, T, is the tangential momen-
tum which would be carried away from the surface by the diffusely reflected
molecules if they were in thermal equilibrium with the surface. By the
definition of diffuse reflection, T}y is equal to zero. PL is the normal mo-

mentum carried to unit area of the surface by the incident molecules, Pr is

2-4
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the normal momentum carried away by the reflected molecules and Pw is the
normal momentum which would be carried away by the diffusely reflected
molecules if they were in thermal equilibrium with the surface.

For completely diffuse reflection,Z,. ='Z.'w “0and @ = 1 regardless of the
degree of thermal accommodation, If any specular reflection occurs, the
value of 0" depends on the degree of thermal accommodation through Th.

If there is complete specular reflection and no thermal accommodation,

t,. =’5; and@ = 0. If completely diffuse reflection and complete thermal
accommodation occur, " = 1l; if completely specular reflection and no thermal
accommod’ation occur,g'/= 0. For any type of reflection between these two
limits, (T depends on the degree of thermal accommodation that occurs.

This is different from " which is equal to one for completely diffuse reflection
regardless of the degree of thermal accommodation which occurs. g~ depends
on the degree of thermal accommodation which occurs only when there is some
specular reflection taking place,

Available experimental evidence secms to indicate that for the type of
surfaces used in most satellites, the assumption of completely diffuse re-
flection is legitimate (Ref. 6). This assumption has been used in the devel-

opment presented in this report, However, no assumption has been made

concerning the temperature of the re-emitted molecules, Tr' Thus, the

results presented here are only subject to the assumption of completely

diffuse reflection.

B. DERIVATION OF THE EQUATION FOR THE FORCE ON AN ELEMENT
OF AREA IN A FREE MOLECULE FLOW

We now compute the force on an arbitrarily oriented element of area in
a free molecule flow, Since it has been assumed that the incident and re-
flected molecules do not interact with each other, we first compute the force
due to the incident molecules and then the force due to the reflected molecules
and add them lugether., This gives the total force on the element of area.
There is one additional assumption which we make at this point concerning the
geometry of the surface under consideration, i, e., it is assumed that the ele-

ment of area is located on a convex surface. If we do not make this assumption,

2-5
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we must take account of the force on the element of area due to the molecules
that have been reflected from other parts of the body.

In order to compute the force which the molecules exert on a surface,
it is necessary to know the velocity of each of the molecules in the gas. We
assume that both the incident and reflected molecules are in equilibrium with
themselves. Kinetic theory then states that their velocities are specified
by the Maxwellian velocity distribution function f. The velocity distribution
function f is the probability that the velocity of a molecule selected at random
will be in the range utou + du, vtov + dv and w to w +dw, where u, v and
w are the components of the total velocity of the molecule., Then, the number
of molecules in unit volume of space that have velocities in the range utcu

+du, vtov +dv, wtow | dwis
nf(u, v, w)du do-dw

where n is the number of molecules per unit volume. A discussion and der-
ivation of the Maxwellian velocity distribution function is given in Appendix A,
If a gus is at rest macroscopically, the average velocity of its molecules
in any direction is zero, If a gas has a macroscopic velocity, the average
velocity of its molecules in threc mutually perpendicular directions will be

the components in those directions of the macroscopic velocity of the gas,

The macroscopic velocity of the gas is usually referred to as the mass velocity,

Thus, in a gas which has a mass velocity, the mass velocity can be subtracted
from the total velocity of each molecule. The resulting velocity is called the

random thermal motion of the molecule, that is,
=U
w

N

W -
U™ -
[F7

5l g

3

- »

where U, V, W are the components of the mass velocity and U, V, W are the

components of the random thermal motion of the molecule.
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Consider an element of a surface which is fixed with respect to a
body axes coordinate system X Y Z, Figure II-3. The coordinate system
X Y Z is stationary with the gas molecules moving relative to it with a

mass velocity, q. Y

Figure 11-3 Definition of the Coordinate Systems

We now chose a local coordinate system x, y, z on the element of surface
area with positive y axis being the inward directed normal to the surface, °*
the x and z axes being tangent to the surface element, u, v, w are the com-
ponents of the total velocity of the molecules in the local %, y, z directions
respectively.

Consider the force exerted on the element of area by the incident mol-
ecules, Force is defined as the rate of change of momentum., We have assumed
that when the molecules impinge on the surface, they lose all their momentum
relative to the surface. Thus, therate of change of momentum of the incident
molecules is obtained by integrating over all possible velocities the rate at
which the molecules in a particular velocity range transport momentum to the
surface.

Only molecules with a velocity component normal to the surface, i. e

in the positive y direction, will hit the element of area. The number of

2-1
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molecules in the velocity range utou + du, vtov + dv, wtow + dw which
strike the element of area in time t are contained in a cylinder of height vt,
Figure II-4,

Figure 11-4

The number of molecules in the velocity range u tou + du, v to ve=dv,

w to w 4 dw per unit volume is
n; F du dvduw- (1)

where 17, is the number density of incident molecules. Therefore, the number
of molecules in the velocity range utou + du, vtov + dv, wtow 4+ dw that

strike unit area of the surface in time t is
vt n Fludvde (2)

The number of molecules striking the clement of area per unit time is ob-
tained by dividing equation (2) by t. The number of molecules in the velocity
range utou ¥ du, vtov + dv, wtow + dw that strike unit area of the surface

per unit time is
ng o Folu dor dwr (3)

Each molecule transports momentum mu in the % direction, mv in the
y direction and mw in the z direction to the element of area. The force is
given by the product of the number of molecules in a given velocity range

that hit the surface petv unit time multiplied by the momentum they carry to
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the surface. Thus, theforce in the x direction on the element of area due to

moclecules in the velocity range utou + du, vtov + dv, wtow + dw is

mu n; rf du do-dw- 4)

The total force in the % direction on the element of area due to molecules

in all velocity ranges is

+00 +00 +00

/]/uu-ﬁh#dw (5)

-0 O =0

m and n; have been factored out of the integral because m, the mass of each
molecule, is a constant over all the molecules and n; , the number density
of molecules, is assumed to be uniform locally in space, f is the Maxwell

velocity distribution function given in App“ndlx A as
(=T
_ /[ )2 - s« &)+ (7)) | (©)
fo=(cm €

where R is the gas constant for the particular gas of interest and 4, V, W
are the components of the mass velocity qinthex, y, =z directions respec-
tively. The limits of the v integration are 0 to + 00 because only molecules
with a velocity component in the positive y direction will hit the surface.
Molecules with velocity component in the y direction between 0 and - 00 are
moving away from the element of area and do not strike it.

A similar procedure yields the expressions for the force in the y and
z directions, The total force in the y direction on the element of area due

to molecules in all velocity ranges is

$00 +00 +0D

mn; ( 2 F dudrdu (7)

Y

0(‘___

-0

2-9
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The total force in the z direction on the element of area due to molecules

in all velocity ranges is
+cn 00 +80

mnzfjfuru-fduc{wdw' (8)
~0 5 Y

The vector sum of eqgs. (5), (7) and (8) gives the total force on the
element of area due to molecules in all velocity ranges. However, we are
interested in the component of each of these forces in a particular direction,
for example the normal or axial force. Let IR be the direction cosine between
the direction in which the force is desired and the local x axis; let f be the
direction cosine between the direction in which the force is desired and the
local y axis; and let t be the direction cosine between the direction in which
the force is desired and the local z axis, Then, the component in a particu-
lar direction of the total force on an element of area due to the incident

molecules is given as

+00 400+ 00
dlEVCIos'Nr

Y = mn ff(leu + b+t ) Fdudrde  (9)
O -00

-00

-

Next we compute the force on the element of area due to the re-emitted
molecules. Since we have assumed that the molecules are reflected diffusely,
they are re-emitted from the surface randomly with a Maxwellian velocity
distribution corresponding to some temperature T . The reflected molecules
are thought of as issuing from a fictitious gas which is at rest relative to the
surface at a temperature Tr‘ The number of molecules which leave the
surface per unit area per unit time is the same as the number of molecules
of this fictitious gas that hit unit area of the surface per unit time, Thus,
the number of molecules leaving the clement of arca per unit time in the

velocity range u tou4du, vtov + dv, wtow 4+ dwis

n,.(—u-)falu. drdw (/0)
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where (-v) is used because, in order to leave the surface, a molecule must
have a velocity component in the negative y direction, n is the number
density of the fictitious gas from which the reflected molecules are assumed
to issue. Since force is defined as the rate of change of momentum, the force

on an element of area due to the reflected molecules is given as

Force = (momentum reflected)in.

.1 - (Momentum reflected)
itial

{inal’

Since the reflected molecules are initially at rest on the surface, (Momentum

reﬂeCted)initial = 0, Thus, the force in the x direction on the element of area
due to re-emitted molecules in all velocity ranges is
+00 f? + 00
- -mn, j u i F dudvdir (7)
-0 -0 -~

The force in the y direction on the element of area due to re-emitted molecules

in all velocity ranges is

+00 0 +00
_{.mn,_jf wzfdudwdw”] (12)
—co <

-0
The force in the z direction on the element of area due to re-emitted mol-

ecules in all velocity ranges is

+00 0 +00

- —mnrjf wr o~ Folu drdr (13)
20

~C0-0p -
The vector sum of egs. (11), (12) and (13) gives the total force on the
element of area duc to the re-emitted molecules. However, we are inter-

ested in the components of these forces in a particular direction. Using the
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direction cosines k, 1 and t, the component in the direction of interest of

the total force on an element of area due to the re-emitted molecules is

j:;”“m’- mnr[fj(ba+1w+fw)wf4udwdw (14)

The component in a particular direction of the total [orce on an element
of area due to both incident and reflected molecules is given by the sum of
(9) and (14). Thus
+00 +00 +00

jAF_ mn; [](ku b+t ) Fdu duvdur

-0 0
+00 0 +00
+ mn,. (ku +00 +tw) - Fdudordur (%)

These integrals are evaluated in Appendix B. It should be noted that u, v,

and w are the total velocity components of the molecules while the distribu-
tion function, f, is a function of the random thermal motion of the molecules
only. Thus, in order to perform thc intcgrations, the velocities u, v and w
must be written in terms of the mass velocity and the random thermal velocity

of the molecules.

Using the results of Appendix B, Eqg. (15) becomes

dF _ , A
by an{F(mwwfw)zu-r(lwwf)/:

+‘~4-4;——(/+ch//3") +mn, 2L (ve)

% for
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; / /
where ﬂ = E_R_i: ) /9,.'—'—‘ é‘;‘i‘ ) /7. is the number

density of the fictitious gas from which the reflected molecules are assumed
to issue, n, is the number density of incident molecules, Ti is the tempera-
ture of the incident molecules, and Tr is the temperature of the reflected
molecules. U, ¥, W are the components of the mass velocity, ¢, in the
local %, y, z directions respectively.

Equation (16) was obtained by applying Ncwton's second law of motion
to the molecules impinging on and reflecting from the surface. We now need
an expression for n_, the fictitious number density of reflected molecules.
This is obtained from continuity considerations. Since we assume that mol-
ecules are not being created or destroyed, the total number of molecules that
impinge on an element of area per unit time must be equal to the total number
of molecules re-emitted from the surface per unit time, We now compute these
two quantities, set them equal to each other, and solve for n_. The mechanics

of the computation are carried out in Appendix B, the result of which is

; ] "ﬁ;a
M = My [U-',/W_"(H.e/z{&‘-‘/f’) * e J (17)

Substituting Eq. (17) into Eq. (16) for n_ gives

F_ I - 4GP
dd; = mn; {é—:/—ﬁ_,.,—(/zu + A7 +tw)[u-/77"(/+«%’ ‘/F)+/7P e ]

2

+;%(/+m{ﬁ/ﬁ') +4% (14204 T3 ) +l/~é-.,- e“ﬁ} ] (18)

This is the equation for the component in a particular direction of the total
forcec on an clement of area in a free molecule [low assuming diffuse

reflection.
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At this point it is convenient to introduce a dimensionless gquantity,
S, called the molecular speed ratioc. This is defined as the ratio of the
magnitude of the mass velocity of the gas to the most probable random speed

of the molecules, C that is

———
S = ,_8_” where Com :JE RT;
Cm
or using the notation p - __.__2 f/?77 y
3

5= 3

The molecular speed ratio, S, is a measure of the relative importance of
the mass velocity and the random thermal motion of the molecules. If Sis
small, the random thermal motion is important in determining the force on
an element of area, while if S is large, the effect of the random thermal
motion is small.

Let€, X)Y( Le the dircction cosines between the local x, y, z axes
and the mass velocity vector g respectively. Then,

u= €q , "(7‘:73 ) wr=ng

F’F:Xﬁ/ﬁ-’:xs

Introducing these notations, eq. (18) becomes 22

dF _ [ 3 rpea g3
J_[ = mn; 5 (/ee +/3’+tr()[7r5,/77"(/+m({a's)+lﬁ, e ]

22
+;%(/+mg’zrs) +Z§—F1:[a’g/7?(/+mp’3'5) +/—/_f!:,t?~a' 5]} (19)
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Multiply through by -g Then

c/F = i [F /ee +Ja’+tq)[a’s,/“‘(/+m,{(rs)+se

2.2

+ é’i (/+:z/zﬂs) + -2—/%7 [ xs/v?’(/+_o/szar5)+e s ] (20)

22

where/L? =mn;.

Since we are interested i nondimensional coefficients, we will divide
2
through b . .
8 Yé’fﬁ AJuﬂ
Eq. (20) now becomes

dc _ -'s”
e ;% {(ek +ﬂ+r(z.‘)[b’(/+m{zrs)+ é-f%— e _]

+ %E(’+%’9+§E[L§/E(/+Wﬁ) + 3 e‘”] (2/)

2 2 . . .
when we note that q ﬁ = 8. This is the equation for the component in
a particular direction of the total force on an element of area assuming
diffuse reflection. This equation is exact within the physical assumptions

of kinetic theory, free molecule flow and diffuse reflection.

All the quantities in Eq. (21) are known except for Tr’ the temperature
of the reflected molecules. This can be determined from an energy balance
for.the surface, To simplify the computations, Tr will not be specified,
However, Tr will be assumed to be a constant over the surface under

consideration.
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To remove the restriction of diffuse reflection, the accommodation

coefficients as defined in Section Il A are introduced.

o = G 2)
I
/ P _P
RoR,
Solving these expression forZy and Pngives
T = (1-0) T, (24)
/ y
(1-T)F + T ARy (25)
The total shear force on an element of area is
T= ¥t =G ()T =TT (26)
The total normal force on an element of area is ,
P= F+R =F (-0 )R+
/ /
(R~T )R + T Ry (27)
Using these results equation (21) becomes 2
-5

1 (1+anf ¥5) + G“/F[V/—'(HMJIS)#—E € ars] (28)

An alternate form of the expression for the force on an element of area

~" = Z— [U‘{E/Z-H?i')-/-(a 0‘)3’/][}(/7‘111{3'5)-%-—* e
o'

for the case of diffuse reflection sometimes appcars in the literature. For
/
diffuse reflectiona":-.-])g' is unspecified, and EQ, (28) becomes
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ad/A_ {[€k+7++(2 0')3’1:{[[(/+%J3)+5F 75]

2 2

+ (a 0.)!(/+Jy10’a’$)+ V/F[E(H%J’S)*' o3 _JSJ (29)

Comparing equations (21) and (29) we see that they appear different even
though they are both for the case of diffuse reflection. This is because,

in EQ, (21), use is made of the fact that for diffuse reflection, Pr may

be computed directly instead of using EQ. (25) to obtain P EQ. {21) depends
on the degree of thermal accommodation that occurs through T , the tempera-

ture of the relected molecules. EQ. (29) depends on (1" wh1ch in turn depends
on the degree of thermal accommodation occurring.
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SECTION 111

DETERMINATION OF AERODYNAMIC COEFFICIENTS FOR SIMPLE
SHAPES IN A FREE MOLECULE FLOW

The results of the preceding scction will be used to deterinine the nor-
mal force, axial force and moment coefficients for several different bodies
in a free molecule flow. Since the variation of 'I‘r is a complicated and, in
general, an unknown function of location on the surface, we will assume that
it is a constant over the surface.

Since a body in a free molecule flow does not disturb the flow, it is
permissible to resolve a complicated shape into simple parts {cones, cylin-
ders, etc.) and to compute the contributions of each part and then add them
together to obtain the total coefficient for the entire vehicle. Thus, there is
no need to consider a complicated shape in general. We have only considered
simple shapes, i.e., flat plates, cylinder, cone and spherical segment, be-
cause these are the most common configurations of which a vehicle is con-
posed. One must be careful to consider the shielding of one part by another
when the body is divided into simple shapes. The equations presented here
take into account only shielding such as the shielding of the back surface of

a cylinder by its front surface, and thus care must be exercised in their use.

3-1
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A. FLAT PLATE, BOTH SIDES EXPOSED TO THE FLOW,

Consider a flat plate oriented as follows.

-y T
| ————
4 X e e
Q b b % Y T
Y Z OUT OF Y Z INTO PAGE
PAGE o A
— —bl-—.X
Figure 1l]-1 7 AXIS AND THE UNIT
VECTOR Kk ARE OUT
OF THE PAGE

We must always use the inward normal tc the surface under consideration
since eq. (21) Section II, Part B was derived using the inward normal. From
Section 1I, Part B,

2.2

)
dC = {(eé +M+r(f)[r(/+m{d’s)+ gf-f,'?-"e ]
2 2
dA

,
+5’——Sz(/+agars)+§/%r[ﬁsi”: (1+2f ¥)+ G € s] At ()

The unit vector in the direction of the mass velocity, q, is

:i:::_é_ Cod X +_:_)_»¢I-MO(

3-2
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Unit vectors in the directions of the local axis systems are as follows.

For the bottom surface For top surface
x =i x =1

y =i y = -

z = k z=-k

€ = § - x = cosx € = cosiX

J = gy = sin& Y = -sin¢X
M- 2-0 =0

Normal Force:

For the normal force, the direction cosines k, 1 and t are

For bottom surface For top surface
k:h)s.'_j = 0 k: 0
£ = y-j=1 £ = -1
t = 2z.j =20 t = 0

Substituting these values ofE Y Y'() fe L t 1nto ths, expressxon for dc gives

d [»‘-"'ﬂ@( a’(/+fz/3'$)+7:—,€ j+ a(/'f—W(JO'S)

+ g/‘;;?[léf(h‘w/ﬁﬂ - j-/—moe[ Y +m{(~6{) .
+$J#_e"xzsz] 4 [/-}-Jzﬂ{( b’S) j/—‘[ XF ('fﬂ%( xs) —f,.- }Jxli

. A
where the relations Jtop = = Jbottom and Itop = "'Fbottom were used

to express everything in terms of b,bottom and ‘Pbottom'

w

3-3
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Assume//‘i—" ( ) . Using the fact that erf (- x) 2=~arf x, dCN
TOP

becomes BoT7om

dcy A%{uﬁa[aa’mg’a's+——~ ]+~Jﬂ{b’$

+F /3(/7?} dxdz
T s

Integrating over the area of the plate gives

Cy = ’4 {(am A+ & )mz{sww+2J”i"—?‘f

[F 7]

For the axial force, the direction cosines k, ,? and t are

e

2 .
Aunzd

Axial Force:

Bottom surface Top surface
k = x+1 =1 k =1
£=yei=0 =0
{t = z¢i=20 t =0

Expressing everything in terms Ofebottom' Jbottom’ Ie bottom® ch is
) 2
=2 {CO"O( b’(/‘*ﬂ/yfﬁ) c‘/‘;:, € ]+’(x)1>([ b’(#—M(—%)%--——e ]}Jxa'-z-

Integrating over the area of the plate gives

~— A 1 ] a a/ "S“,’d/;hzd
C, = @{a oo i X RSt O + _S,_:J"_;_;,_e } (3)

3-4
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PITCHING MOMENT:

The pitching moment is the moment about the?, axis.
are positive., Thus,

[qu, + (L+X)dCn

Nose up moments

Vg1 Auf Luf

Substitute in for dCy and dCN and integrate. This gives

LM/
Let )
—S 4ot
I,F(sjo() = c.wamo(WSMa-fﬁ_j"%(e o
2 2
F . X _SM“ (5)
I 5, 4) = u«o(v’-") 54‘440(-)-2'04 e
2 (5,00 = (2 s:)%f s J7

I::(S)d): _____,/5’77:’ en X

Then the expressions for Cy. CA and C,, become

A F
CA-—-@I/ o
F (% TF
CN=@{IZ +/i.“ Isf (¢)
L W
CM:—g—qCA’f" ﬁ_;_jlc,\/
3-5
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If the edge of the plate to which L is measured is located to the right
of the Y axis, L. is negative; if the plate is located below the X axis,

H is negative.

B. FLAT PLATE, ONE SIDE EXPCOSED TO THE FLOW

We will now consider the case of a flat plate on the end of a cylinder
or a cone. In this case, one surface of the plate is inside the body and

thus is never exposed to the flow. The plate is located as follows.

Y

i ) 3
7 ? i - X
= y

2 AXIS AND THE UNIT VECTOR
x Z AXIS IS OUT % ARE OUT OF THE PAGE.
N OF PAGE

i

Figure [1]-2

The unit vector in the direction of the mass velocity is
q = icospl + jsing(.
The unit vectors in the direction of the local axis system are

x = -j, y =1,z =k

The direction cosines ﬁjb’J )'( are
6:6'2{':_5111«;3:5-1:(:05(7\)\T:_(—.]-Z,_O

Normal Force:
For the normal force, the direction cosines k, 1 and t are

k= X+d =~/
1:_2‘4‘:0
-t-.;;i"j:‘o

w

3-6
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Substituting into the expression for dc gives

dCy = ;1:( ALnO([CoOO((H%SCo‘tx) +§{-ﬁr-=; e’ 4:07‘0(]} dA

Integrating over the arca of the plate we obtain

Cy {MO(WO((HWSWQ’)#—?"——J—%—éS wd} (7)

- A
= g

AXIAL FORCE:
For the axial force, the direction cosines k, 1 and t are

R= X't =0
d=3(=1

t= %L =0

Substituting into thc expression for dc gives
2, 2

dc / VNP
A = A/u,f CooO([Cvo( (/+1n/5m0( Sy ]

2 2
= 7 —S%e0l
+ a,._/sz (1+2rf500%) + 2’417‘: [?#_ oo {1-+-ang s 00} +- gf_ze J}d/}

3-7
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Integrating over the surface we obtain

T, 2

Co = Ay (o)) o &7
# 2 LT oot (125000 4 L -SW“E (=)

Pitching Moment:

The pitching moment is the moment about the 2, axis. Since the plate
is symmetric about the %, axis, the axial force does not contribute to the

pitching moment, Nose up moments are taken as positive. Thus

dc, = £ do
T Ly

Integrating we obtain

L
Let L o _ s X
T (s,a) =M0<w°<(’+1”/5‘0¢“)+7-7? €
~s'ee X & (9)

I (S ) = (a,-o o +———)(l+_w%sq,_ao()+ X o

S —s L
(SJO()—-?E._ caao((/+mp’5w0()+ L e

3-8
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(10)

If the plate is to the right of the Y axis, L is negative.

C. CIRCULAR CYLINDER

Next we will consider a right circalar cylinder oriented as shown below.

' X

|
Y R mme
e -
\ Al
| Y
T y i X
f 1 N ¢ -
[\§ { - (]
A' l Z
BASE OF CYLINDER

Figure 111-3

We will neglect end effects in computing the forces on the cylinder. Since
the cylinder is axially symmetric, it will always be possible to orient the body

axis system so that the velocity vector is in the g - z plane.

3-9
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The element of area on the surface of the cylinder is
dA = rdédy

The unit vectors in the direction of the local axis system are

X=¢

0

V= Joop—Lfanmd

-—

2= Ll ko

The unit vector in the direction of the mass velocity is
7= (oo + J X

The direction cosines & , ¥, 7 are
E= §-X = CooX
= j’- _\2 = Mo(codzf

(=427 “nctand

‘I'he integration limits for 4) are 0 to 27, and for y they are O to Y,

Normal force:
For the normal force, the direction cosines k, 1 and tare

.

B=x+J=0

g=390) = cosd
t=20) = dnd

|
|
‘ LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION

[PV




4

LLMSC-448514

Substituting these expressions fore)B_’) )7) /e) ﬂ) + into the eguation for dc

gives

dc, = @ [(m‘,notcwaqﬁ—rw M%)[X(/ +2f¥S) + ;‘/'r—ﬂ—,-v e__x S]
=4 (/+M¢5)+%‘fﬁ§ Fiéf— (1ong2s)+ € ]]raﬂ#dy

Integrating over the surf: l(.C of the C)lmdcr we get

Cy= Lk [Mx f vod dg + fwws#) ‘“f Zg”v%:?sé
t 54 (fw¢d¢+fw¢%fﬂ°’¢y ﬁ[ﬂma(f 0Bl
.+—£ W?y/afs:/;‘)vL Py j cm¢ e’ 54’%]}

Simplifying and combining terms glves

cﬁ";yfg( “*"*)f‘“”””’“"/” /rw

The mte;:ra.lf; are cvaludted as follows

3
obafrsd = 2 f Qd;é.e%&’sdtﬁ 4f coed arf¥5clf
= asJ”Mo(e anl = (‘“”‘"‘)+I(5M")J (1)
j' ag"ﬁ;‘é = afre"’zstﬂf# ¢4 & Sdp=2mé ?ZKIO —_—5'4é”2°‘) (i2)

é\’-ﬁ
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where I0 and I1 are modified bessel functions of the first kind of degree zero

and one respectively. Using these results CN becomes

2-2
= r\y ——;"“_4_0( 2
Cy= =2 {SJ 'Mcx(aun o(+$ )E & [Ia (5—“2—‘—'"——-%—()

Arsg
+I(S””z“)‘]+?rmae A;noélfo(i"‘%&)

32
T () sinx (13)
7 295

AXIAT, FORCE:

For the axial force, the direction cosines k, 1 and t are

k= x{=/
1:1‘(_:0
t=%-(=0

Using these values for k, 1, t,
A _Iasa
ClCA— AM{WO([X{H‘MXS)-%S“L‘/%:;E J}l"d(}sd}‘

Integrating over the surface we obtain

Cy = %} [Mo(wa (_[Zrodad{z +_£;7;Wmd¢)

2 il
77 dg
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Substituting in the results of EQS. (11) and (12) gives

= Y%
CA 7;/ 25(/_—"4—4”10(40:(?(26 [I( g)_,_I-{SMa—.O()J
PR o6 E T I ( i%—d)} (14)

PITCHING MOMENT:

The pitching moment is the moment about the ZZ axis. Moments about
the Z and Yaxes are zero due to symmetry. Nose up moments are taken

as positive. Thus,

dCM = Aﬁ;/z_m/

Integrating over the surface we get
SM a(

2 - 2 h““’”“
+I,[-——-——5"’“”°<)) + _Q__L’S""@nae C o (54%4’)

- 32
+|/{_I% ;77:5) Alm(;(]-—r Yo Coéd[@nq(f@o dd ¢ +f@oz¢wgb’sd¢)

5["]‘“’5’9 _IS ié]

Z'(.Lﬂydc,, —PCM¢dCA}
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Performing the indicated integrations gives

Ve _M .
o= D) o) T gy
AJUJ L/ll{ | e .,
2 "= . T2 s X

+I,(54’2m20() + 257" wnxe % T,( 4;" )

T 3/2 2 _
+ 7_5 _(_7’2 @,..o(} - MY i oo (15)

¢ 25

;4,%[4/

Let
cy _ SanX _ .
2500 = ST aima(e i + ) €5 [ ) o T (255

-V ,
+ QISE anol @ & Io(sz‘g”z"?

cY e
Ia (S)CX): M(”) 2 X

cY 2s (o)
I, (5,0) = Mrabnp o X it

’ - me ) 2, 2

TV ) = 25T inxcrw® 2| T, (ki) T, (L0

- S AR . .
B o €8 T, (247)

Then CN’ CA and CM become

ry ey /7" <Y
CN:WA?{I; *f"frl_ajz
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C, = rYe ICY

Ay T (1)
(L+ ) - Ve ICY
Laaf Al ™

If the point about which the moment is taken is to the left of the base of

the cylinder, L is negative. L as shown in the figure is positive.

D. CONE FRUSTUM

We will now compute the forces and moments on a cone frustum of circu-
lar cross section in a free molecule flow. The cone frustum is oriented as

shown below. We will neglect end effects on the cone.

L 4 I

Y
——
] |
- ]
- \
ez 0 : o _.X
[ § \‘\\ 4 - | k
Pl : 0z

Figure 111-4

From the above figure we sec that
r= yEné
dr = Zon & c{y
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The element of surface area is

dA=rdéds
(4)°= (ds) "+ (r) % = (Ay) (14 Zn2g) = (dy) axc? S
ds = eddy

dA= YZndaeddyds = 9@49@9
@od

From the preceding figure, we see that the unit vectors in the direction of the

local axis system are

X= =) tbnd- koot
Y = [nd+d 008 oo~k cpodain

= L ¢p0d —gméu4¢ +£ /Umc{#msb

Iy
|

The unit vector in the direction of the mass velocity is

= LaoxX +Jainx

Since the cone is axially symmetric, it will always be possible to orient
Yy 8y y y P

the body axis system so that the velocity vector will be in theX~Yplane., From

the definition of the direction cosines € y s \7 , we find that

é:_{(“fz — Zineg ahn ¢
Y=3+§ = oodaind +einxcpod oo
V=2 = @oXW94—0bnXaindwod
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Normal Force:

For the normal force, land t are

the direction cosines k,

b= X _:-—M¢
j::}_ l: coda'cwcf
t=2-) = —snd of

Substituting into eq. (1) for k, 1, t, & , ¥ , 7 gives for the normal force

coefficient
dC, = {(Mama¢+waméwéwé+mo<mcfw¢
dwo(cooéwéw¢+4m0(ﬂmz£{w ¢)[(Y(/+Wa'5)+5‘/—-\ J

a1y 5S) v cobech T [ (rongrs) + €7 ]} dA

Simplifying this expression we get
2.2

- Zmd
AMJQOJ ydy [MO([X(H!AJA’S)w‘— ——— ea' ]
ST (1t rs)+ € ]j |

Ir

25?-

The integration limits on d) arc 0 to 27 and on y they are y, to Yoo Per-

forming the indicated integrations we obtain
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CN“—‘—@"—J— AL{{W“/““HIXW“#+ Jr?’f “445]

(L Copdd +j Coowz/a’soegy
[E wod( [ Vaoidi+ [ Viospafrsis ) . f b "]

\H?\J

/

Investigation of the a!gaove integrals gives two results.
d cannot be cvaluated in closed form, and second,

o~

First, the integrals

involving erf¥s ande
these integrals are symmetric about ¢ =7,
is equal to two times the integral from 0 to 7. Then performing the integra-

i.e. the integral from 0 to 2%~

tions that can be accomplished gives

2 2
Cy=228 %% [10., X Co00 417 8 + 2A»nawaméfmo’b’sd¢

+wé/amo<+ 4 ¥Sd¢ + Bemx —Hd
f:b%f Fle ¢

3/
([ () ‘
% l2s

+Avnacooéfw¢mﬂsd¢)+ ‘O‘é/c«:¢>e s ] (/8)

_
4 +E%‘(coao<mcf/ Sodenf¥sely

AXIAL FORCE:
For the axial force, the direction cosines k, 1 and t are

k= Xxt=o0
{ = = don
+ = — 4

Ik e
[e~.

I~

3-13
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Substituting into eq. (1) for k, 1, t, & , ¥ , L0¢ gives

Cp = Zand yd
d oo éo 2/{9 {(CMO(.UM cf+mo(c¢ooméfod¢+cooo(c¢d d

~AM40(JAMC5C9.OJW¢[X([+,%&¢5)+F ~r"s ]+MJ(/+01{6'5)
ST
PEESE [HE (1 angrs) 4 G 7] dp

Integrating over the sulface we get

LM, 2.
CA = M \)?_ {WO{ Xd#+/{m{d’5¢[¢+ ;rfc'5'5d¢]

Simplifying further we obtain

Cy = %ﬁ :LA;[TMJ(EWO(+“)+MJ(ZQGO(+ —-)fmﬁs#

+auno<wo<w5/foo¢1ﬁ{55¢¢+awa(f 6’56[49
/; (_Zl cooot aintd + FMJ(@«%J/M%#
+mamé/w¢.wv/afsd¢)+ 4/"’“5{[ o(;é]} (19)
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PITCHING MOMENT:

The pitching moment is the moment about the %22 axis. Nose up moments
are positive. Due to symmetry, the moments about the X #nd Y axes are

zero. The moment due to the force on an element of area is

dChy= ) de, - Y Zfep de
M L¢%( /%( A

Substitute in for dCN and dC This gives 251
Znd Y . =4
= L fiofetrese g

25?. (/+W55)+_Jf[f [/+1MJ3‘5)+ TS_ZU
_ yEnJCod¢[Cod0([ Y(+of ¥s)+ i © ]+ Lind () 4 onfrs)

+2ed [T [ T (1+2ef ¥5)+ T2 & ]} dyd

dly =

Performing the indicated integrations gives

_ Znd Ly I (T
Cm = Ty Ay (M) (52 Jome{ [ 5
+£?Lﬂs¢¢+ ;@[Z"”ZS;O-/- g‘;i f:gc¢mf59¢l¢

. E?/;fﬂ(?@?/;;¢d¢+k/_?[};¢mﬂsd¢+ géfogqﬁfa’%gsé)]
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- % 4 Yy - 9)[&0,,(( f ywod df + f S rod i fr5dd
+s/77?'[w¢e “dp ) + ;‘gﬁ//m¢a¢ f/wmﬂ—sw)

/

+&nd F R f oo dd #4770 arcmﬁmfrsdws—’z [we‘ 0@]

Simplifying and combmmg_, terms gives

Cm= AN/LL,/ rod {[ (yz y') (92 y)][zm"”"‘w““’”(
+ 2 4o X oo 4im J/ﬂz/g5¢¢+wJ(zdnzo<+ —’L)fwg&m/a’sdqs

+52j:°< dcﬁf(m MO(CMZJ+P Coﬂé(QGD(MA/WMJSJ¢
+MO(CMC§/WZ¢W&5[J¢7+ MJ/W%:_UZSC%)]
- 4 ——~—— [WCooocémO(cdoJ+mo({?faa0(+ /CO"G’W%@'SC@

+ acaawmo(wam%m/%dW ac”"o(/wsf &’ ?‘

+E (1
i cgo i I + /T W" Mc{(wdmé/wﬁw%%'a@

+Mo<t:oo5/‘w¢f/‘zf’“0"¢)+ M‘{/Wﬁ - Sz¢)]} (29)

L |
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We will now define the following functions. Let

I (S &, d) = ZW‘M“WO(MJ+2MO(WO<MJ/M{J54¢
anel - ¥%s°
+CaoJ(EM o<+4?)/coo¢mﬁsoéq€+2[ “/ ddé
I(;o(s)o() ) _(—i A X C«)ZJ -+ FwJ[Cédo(a%chqudfsdfﬁ
+¢mo<6ooo(‘/coo¢n/%afsdqf]+ ‘“’J/Coogﬁ s t¢

I (5)055) = W’wawawé#—mJ( Coﬂd“f'L)[Co‘oqﬁ-M/b‘Sd?‘

+ 2CIX b KX codd | coo® rsd¢+ 2@X J

) f‘“ pof ) ot 2l

T, 8,8) = O e datnd I cf[w«m;/www
+.uno(mcffwz¢,w{rscé¢] + “"J/ oo € “XS AP

T5(5,0,8) = Tlecodn 44 )MHMJ 200t + )[mﬂsdsb

+2@oo<4oncxc¢ocyc04 FSdg + 2o 7" -r's®
porf ¥Sdg e g

(2]

I (SO( )= @ WWM25+FMJ[W%J/J/{6’SJ¢
+Mo<wa/ woterf rsdd] 2nd o7y
s (-]

where Y= Co0X2ir c{+44}n O(Ca-oé-co-fhf
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e e Ao i e b

Using these relations, the expressions for CA’ CN’ and CM for the cone
become
C=yz_‘y/2. {I_l_TrI ]
N2 A,%/ oo d A

Co

= %Y, -
CA‘exi,,gwa{IS*’;‘-I; \ {22)
=, vzv r%f
Cm= /4/,1/[,”{ @.odf]( / ( 74- I?_

s ( la_.’_)[ "+ Ij"]} 1

If the point about which the moment is being taken is to the left of the vertex

of the frustum of the cone, L is negative.

E. SPHERICAL SEGMENT

We will now compute the forces and moments on a spherical segment in
a free molecule flow. Since the spherical segment is axially symmetric, it
is always possible to ccusider the mass velocity vector in a plane of symmetry.
We will neglect the cffect of molecules impinging on the "back" side of the

spherical segment. The spherical segment is oriented as shown below.

Figure ll1.5
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The element of area on a sphere is

dA=r2sinedsd e

From the above figure we see that the unit vector in the direction of the mass
velocity is

i = L dIX + JANKX
The unit vectors in the direction of the local axis system are

X=Lain®-Jcrd 0cadp+ ko cosOtin ¢

Y= (06 +JtinOop—Ff ainosind

X can be arbitarily chosen in the plane containingl and the X axis such
that it makes a right angle with y. The orientation of z is then fixed. To find
the orientation of z, wec use the fact that z is normal to both x and y and that
the dot product of z with itself is one. Thus, let Z= dé' +b_{+c@

Then
X=0= a sn 9—-5(009@04)4- CCMG““"V’ ¢

Y = 0= CosO+b2in® oop —Cain 6Lind

NI

£—1

I

2= /= abr b8

I

This gives us threce equations in the three unknowns a, b, and ¢ which we can

now solve. The solution of this system of equations gives for z,

§=jxuinqb+_/gcw¢>
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From the definitions of the direction cosines € , ¥ , \T we find that
E=F X = CoocX &Um 6 —din X Cod B0

y=
\7::

= CoU (08 +4im X 4im & Coo

Iogp 1=y |
N
1l

L X dhim B

The integration limits on ¢ are 0 to 27 and on € they are 0 to el'

NORMAL FORCE:

For the normal force, the direction cosines k, 1 and t are
R=XJ= —cwooce¢
A=Y= 4ino cood
t

=2 i= 4ind
Substltutmg into Eq. (1) the above values of k, 1, t, & , ¥ , (¢ gives
= r =]
dcy = M [(‘“’““’*9W5W¢+Mdm9w¢+w«wemew¢
+M0(Abh ecw¢+4aqo<4¢m2¢)[?f(/+m{a'5)+ ]

+- %ﬁi@f(ﬁg%ﬁ) + a«\éﬁ[?& //+JﬂJars)
N 5_, .-JS]}cﬁ#dS

#

Simplifymg we get

dCy = {MO(M 6[3(/-;0/1/3'5 + e ]—f»‘"’"e"" (/-/-MJJ’S)
+ M—_‘_‘?L:“" = _&E(+wz/3f5)+ &€ S]} d¢de
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Iﬁtcgrating the preceding equation we obtain
,.- 6, <7r
=1 {zumo([f J Xdonec/¢ds +[f3¢&e£A/{Sd¢ds
(o]

s‘/_"/ fﬂmse ddde]+ c,?isi(/.eyjézaew‘ﬁdybde
+fe'fmew¢’/l/“d¢d9 +/ [’j’?’(f ];Lzaw¢c{¢a’e

27)"

+—] fw,w ew:ﬁp/{rsdcﬁds) 2,2 Mecaque d¢daﬁ

Investigations of the resulting mtegrals shows two things. First, the
integrals involving erf¥S and € st cannot be evaluated in closed form, and
second, the ¢part of these double integrals is symmetric about ¢ = 7,
that is, the integral over ¢ from 0 to 277 is equal to two times theintegral
over ¢ from 0 to %7 . Performing the indicated integrations that yield closed |

form solutions and using the symmetry property of the 4) integrals gives

CN-——— {W@nawauy, =3 +2Mo<¢:oao(f j%GWéWé’SC(¢d9

8, (1 J
+(2wno<+sz fdc/n 6 woperfysdde +2;‘::3<j Aun6e 3’34549

00

+[:[@r) Mo((w 8 _ 8, 4-3).;-(}_— (Wo(j IWGMZQWﬁMJ"'SdMQ

+¢wo<f /M ewM%JsJ%de [fwzefwf déd@} (23)
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AXIAL FORCE:
For the axial force,

b= XL =4in 6
A L= @98
+:

the direction cosines k, 1 and t are

1!
lHl [N(‘ |

il

L =0

Substituting these v.’uey of k; . tinto eq. (1) gives
dSy= f‘z Me{(wamze — Aen XG9O dim 6 CodP +CodXCod O
arzsz.
+ 2l O hlm ewewcﬁ)[b’( +M{J’5)+ F _{
098
+ ({+W&5)+WQF ’f—'(/+mﬂ’5 _,__Le ]}d4;d9

252

Slmpllfymg the above expresswn and mtegratm%‘over the surface gives

CA M fodo([ f j Yein 643 6+ f f Jain 0 21f§Sclhd®
*j"ﬁfﬁl Mﬂeﬂaﬂ 61‘1’49]* e/se(é /‘wn 60 8d¢de
+f ZZ&neawe Wa'sdq&ds)

8, 2N o, 2T
/ [ (] a’unerooedﬂ/sv‘—[ Yetsn ewggﬁ/y&jﬁ{e)

+-—zl 2in B cpu6e quaie]
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Performmg the indicated mtegratlons gives

+axum0(c:oao<f Mec@o¢m{(ysd:pde+ 2‘0"“ fumse d¢de

+ I [ (7 T
7 3(5/ o (1= 49-09)-#-—(@40(] i ©Cos @21 ¥Sdde

0. 7
+4x}no<f Maewew¢mgysd¢de)+§%[ a;neweé JM{I}(M)
0 0 °

PITCHING MOMENT:

The pitching moment is the moment about the Z axis. Due to symmetry,
the moments about the X and Y axes are zero. Nose up moments are positive.

The pitching moment is given by the following equation,

dCay =[j‘—/ (Ltreces)dCy -Z,/:/ rain 6 co0dd Ch

Expanding this expressxon we obtain

Cp= /_u/CN "‘Am/)_ﬂ{ {40»4 «[] b’mewedgbde
6,2 -t

[/fdmememfb'sdéde-ﬁ ‘/__, ,a,',,emep ddde
+J1(f fmzewew¢d¢de+[7 2 gc,.,ecew,bm(a'sd,tde)

/_TT[ ([j a'm 26 G0 6 Gopdd de +fé,f;;m ecoaew4>l/g’a'sd¢c[9)
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-2

+ gl [ [smtomony e‘”zs;«fde]j

"I o ;Q’”‘[fe'f;z‘?"aewé@a’s+/e'f;’7;mze@'f¢m/rsd¢da
L/Up/fq"% o Yo . 09,027,,
/-—'f _{wzsmqﬂe dede]+§§f(££%zswew¢d¢ct’s

glf A ew@wqﬁm{a@a’?qfdé)

/?[ (fal Yainle cpo6 coodddd e

+f [b’um Gcoﬂeéodgb.o/ljafsdd)dé-f- f a@oaw¢e cld?d }

O

Simplifying the above equation and perferming the integrations that yield

closed form solutions gives

3
Con= Ly O ¥ g [T ss’e)
+2Wd4€/n0(<j fa'mecwaem{zfscﬁ¢de—[9'f$naecoaz¢m{35°‘¢‘{°)

+a(m'ao<~w«f jum ecoaew¢warsd¢ds

. (&MXJ fm,acmeé a(¢c{9

—-Comxj‘ fxum ewqﬁezzs;qﬁf@)} (25)
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Now iet us introduce the following notations.

I' s, 1) = I dbn X oo X 403" e,+24w,o<wo(//wqewe%’arsd¢de A
+(24¢MZO(+ ——/[ /M 660-0¢M1{J’5‘d¢d9

adwsa( (e

J pimee ’ ¢c/9

Igp(s o, 8) = ..(_Lalnq(_co.ii?’——c&oé +_2_)
+J:7. (Coocx / f 06 2im 9Cod¢-2/l{554¢c{9+4¢no(f fm%c,o ¢u/arsd¢de)
f [Alm ecwcte o(¢de

I:P(S Y- =(awzo<+ ){%’“Maen‘-[ [mecocewzta’;@o@fi) 24

+E.¢bmo(fod°(f fam 6@6¢Mf3‘54¢c{9+2;;:( wne€’ dgde
I':P(S &, 6)= _J_wrx(/—w 9)4—[—7(@0«[[ sw‘em{isdﬁ{@
+ma]/4«m 6 Gre i g §Sdpde )+ Hmsc«ee a’¢de

Is-(s d) ) WMO(WO((@ﬁei QNQI)
+2Codfx¢‘m0(( f fumecoo o2 rsdpde — ); [Almse Z¢m/b'$al¢de)
+2(40n0( wotf [M ecooscoacp.oﬂtﬁsdqﬁds

& T

(mﬂaflamewee dcﬁde Cooc(-!/mewtfe a{¢da)

where ) = G €606 Fdim of Lin O CodP

3-30

LOCKHEEL AIRCRAFT CORPOPATINM MISSILES and SPACE DIVISION



LMSC-448514

Using the notations {26), the expressions for C CN and CM become

Cy = A {ISP#-/_T'T SP}
2
Ci= A 3+F1f (2])
e
Cp= 7T Cnt 35—

™ Ay

|

P2 sP
T,

If the point about which the moment is taken is to the left of the center of the

sphere, L isnegative.

The foregoing analysis resulted in closed form solutions for the forces
and moments on a flat plate and a cylinder. However, it was impossible to
obtain analytic expressions for the cone and spherical segment. Since there
are several approximate solutions available (4}, (5), it was felt that another
approximate solution would not serve a useful purpose. Further, both approx-
imate solutions fail at low molecular speed ratios, and at small angles of
attack for all values of the molecular speed ratio. Thus, it was decided to
evaluate the exact expressions numerically so that the approximate solutions
could be compared with the exact solution,

All of the expressions for the force and moment coefficients of the shapes

investigated were able to be written in the following functional form,
77
C = 5'(1-) r)[I, (S) 0()/3)4' /-7—.-" L, (S)d)ﬁ)]
<

where 8'(“) l') is a function of the lenglh dimensions of the shape only,
I‘(st)ﬂ) and IZ (S, A, '8 ) are functions only of the molecular spced

ratio, § , angle of attack, o , and in the case of the cone and spherical
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segment a geometric angle, ﬁ . For the cone, the geometric angle ﬁ is
the semi-vertex angle, 4 , and for the spherical segment, ﬁ is half the
included angle of the segment, 61. Since the I's are functions of § , &X ,
and ﬁ only, they may be considered as general free molecule flow functions
which are independent of the length, radius, etc. of the particular shape under
consideration. Oncethey are known, the aerodynamic coefficients for the
particular shape can be computed. In general, the I's were seen to be com-
plicated integrals which can be evaluated in closed form only for the flat plate
and cylinder. For this reason, they were evaluated on the IBM 7090 computer
and are presented in tabular form for the following ranges of the parameterso

S, %, 4§ ,and® : /£55/3, 0cu/80°) 5% ££85°, 59% ©,& /80
where § and & | increase in increments of 59,

The O(range was chosen to be 0 to 7because the magnitude of the I's

in the range of X from 0 to .- 77is the same as in the range Oto 77", It
was felt that values of S from 1 to 13 would cover the range of molecular
speed ratios likely to be encounted in practice. The use of the tables of
the I's for computing the free molecule aerodynamic coefficients of a
particular body will be discussed in Sectlon V,
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SECTION IV

COMPARISON OF THE EXACT AND APPROXIMATE
FREE MOLECULE THEORIES

Two approximate theories (refs. 4 and 5) for determining free molecule
aerodynamic coefficients have becen presented in the literature. Gustafson's
theory (ref. 4) consists of an approximation of the physical phenomena which
occur in a free molecule flow. In this theory it is assumed that the random
thermal motion of the molecules can be neglected in comparison with their
mass motion. This physical assumption results in a infinite molecular speed
ratio, S = 00 and is known as the hyperthermal free molecule theory. The
kinetic thecry should give the same resalts as this hyperthermal theory when
S is large. In the kinetic theory frce molecule expressions, S is always mul-
tiplied by a function of the angle of attack which goes to zero asX = 0.
Thus, even for large §, there will be a discrepancy between this approximate
theory and the kinetic theory approach for small angles of attack.

In the hyperthermal theory, the incident molecules, which have mass
motion only, impinge on the surface and give up all their momentum to it.
They are then assumed to be reemitted diffusely with a temperature corre-
spondiny to the wall temperature 'l‘w.

For a convex body, the force on an clement of area in this type of flow
is given as follows. By Newton's second law of motion, the force is equal to

the rate of change of momentum.

——1 R x

Figure IV-]
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X, v, z is a local coordinate system on the element of area with y in the

direction of the inward normal to the surface. Then

AF ==f%(m5) = gi_ﬂi: FrPYg 4A

dF = pgiydA

where X is the direction cosine between the mass velocity, q)and the inward
normal to the element of area, y. Nondimensionalizing we obtain for the

force coefficient

dc = (1

da
aZ’A%

Since the molecules have mass motion only, the total force due to the
incident molecules is in the direction of the velocity 8 which by definition

is the drag. Thus

dc, = aydA_ (2)
Ard
If we take the projection of A normal to the velocity as the reference

area, then CD becomes
- 3
C, =2 3)

based on the projected arca normal to the velocity q.

Since the total force due to the incident molecules is drag, we see that
there is no component of force normal to the drag, i.e. there is no lift due
to the incident molecules. This is true only for this theory which is based
on tte assumption of no random thermal motion of the molecules.

To find the force on the element of area due to the reflected mclecules,
we take the limit as S—» QO of the kinetic theory expression for the force on

an element of area due to diffusely reflected molecules. From part B of

<1

section 11,

4
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o r?‘ﬂ/ y3s©
dR_sFLGLTED g/ﬁ’ c:.’/_t/%ﬂ [ SF(/#‘E”,/JS)#"Q ]dA (4)

Taking the limit of this expression as S—» 00 gives

dF /_’SJ W dA (5)

REFL E‘CTE’D 7
7

Nondimensionalizing gives

dCreriecren - /—13/ 7"W

A 5'44 (¢)

This force is normal to the surface because the diffusely reflected molecules
have a net charge in momentum normal to the surface only. The shear com-
ponents cancel each other out. To find the total force in a particular direc~
tion due to both the incident and reflected molecules, Egqs. (2) and (6) must
each be multiplied by the appropriate direction cosine and then added together.
The total force on a body in a particular direction is then obtained by integrat-
ing the total force equation over thc surfacc of the body. The results for a
cylinder, cone and spherical segment are presented in reference (4).

The approximation by Schrello (ref. 5) is a mathematical assumption which
was introduced in the kinetic theory expressions for the force and moment
coefficients in order to obtain a closed form result. This approach makes
no assumptions about the physical processes occurring in a free molecule
flow. The mathematicalassumption does result in a criteria which a body
must fulfill before the results can be used to compute the force and moment
coefficients. This criteria is that the average normal component of the molec-
ular speed ratio over the exposed body surface must be greater than or equal
to unity. This approximation also fails at small molecular speed ratios, and

at small angles of atlack fur all values of the molecular speed ratiov.
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The exact theory includes co- . ° .o canien of s vl
whereas the approximatc theori i : e ey ot the e
clusion of the random inotions - o D E R P
number of molecules impinging « : SN FIEROORE AN T
This is illustrated by considering the auw : S L LS Y
molecules impinging on unit arca per unit time, o b the exact theo

and Ni as given by the theory of reference 4. From Ap; udiv 17, the ecxact
theory gives Ni’ when the molecular speed ratio is introducea,

N¢ =n, 3[%(/+ mJafs)+ 2/5[7?“ 8—’25‘] (7)

According to the hyperthermal theory (ref. 4),

N[ = hng (

Then, o

]
e

L

In Figurcm'-a) ’)’)C is plotted against the angle of attack, X, of the surface

2/5[77" € (9)

for scveral values of the molecular speed ratio, S. As seen in Figure - 2 ,
for values of S greater than 5, which are pertinent to a near carth satellite,
the random motion cffect is confined to small surface inclinations. As such,
the primary effcct would be an increasce in the axial force coefficient, with a
relatively small ceffect on the normal force cocfficient. This is shown in
Figure IV-3 where the axial and normal force coeffidients for a surface ele-

ment are plotted as a function of surface inclination. From Figure IV-3 we

can readily sce that the approximate thcory is quite adequate for the prediction

of the normal force at all surface inclination angles, but is inadequate for the
prediction ot the axial force when the surface is closely aligned to the free

stream.
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It is interesting to apply these results to an idealized satellite shape such
as that shown in Figure IV-4. The aerodynamic force and moment coefficients
are presented in Figure IV-5. The computations were performed for a mo-
lecular speed ratio of 7 and, assuming complete thermal accommodation,
‘|Tr/72 = 0.425 which are typical of the conditions at satellite altitudes.

i.. computing the coefficients, the forward end of the cone and aft end of the
cyl-n . - -ere considered as flat plates. The results using the theory of refer-

ence S5 ace oonit 2 for clarity of presentation since they would fall between

the e=xact and o ron: 1. resalts of reference 4.
S oseomin Figare 00 &) the ~rimary difference between the approximate
And ea et o tiew on che predichion f the axial force coefficient at small
wles of vitaeth . dditierence - _ ns we hnve previously seen, to the
Tothe o dony oo, toeiens.e o - the cunaa 2l surface elements
N R O qond e vvledoe ol o - ace elements
P oo the e e e et NOC Ty ‘2 exact and approx-~
imeate predactions of ;-‘; Vit 2k nwoaolew e ingement on the sur-
face of the cylindrr. Thos oo SRR o ‘5 of the results shown
in Figure IV 2. ‘i, oomnitude o ' . is a linear function
of the L/D of the cylindric.’ o1t v, .+ ated in Figure IV-6.
As noted from the analysis of a un.. vl i . .he approximate theory
appears adequate for the prediction of CN - - all angles of attack, but

is inadequate for the prcdiction of CA for an clong.. cd body at small angles
of attack.

The effect of surface inclination on the agreement between the exact and
approximate theories is illustrated further in FigureIV-7 in which CA at

X = 0 is plotted against L/D for a 15° and a 5° cone, and a cylinder.

End effects and the contribution of the reflected molecules have been neglected
so that the discrepancy between the curves is due entirely to the incident mole-
cules.

In Figure IV-8, CN and CA for a spherical segment are presented versus
angle of attack. From the preceding discussion, the close agreement between

the exact and appreximate theories for this configuration is to be expected,
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Figure IV-2 Differance in the Number of Molecules Impinging on Unit Area Per Unit Time
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Figure IV-3  Aerodynamic Coefficients for a Flat Plote with One Side Exposed
to the Flow Assuming Complete Thermal Accommodation
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SECTION V
USE OF THE FREE MOLECULE FLOW TABLES FOR

DETERMINING THE AERODYNAMIC COEFFICIENTS
OF A PARTICULAR VEHICLE

The purpose of this scction is to discuss some of the difficulties which

might be encountered in analyzing a vehicle in a free molecule flow.

A. DETERMINATION OF THE KNUDSEN NUMBER

The first step in analyzing a vchicle is to determine if a free molecule
flow exists. This question is answered by computing the Knudsen number,
Kl‘l = >VL , where )\ 1s an appropriate mean free path of the molecules
aad L is an appropriate dimension of the vehicle. If Knis grcater than
10 {(Kn>> 10}, a frce molecule flow exists. For purposes of determining
whether or not an entire vehicle is in a free molecule flow, thec largest di-
mension of the vehicle is the appropriate L to use in computing the Knudsen
nuniver.

The determination of the appropriate mecan free path is more difficult,

(A discussion similar to the following is given in reference 7.) The magnitude
of the mean free path depends on the coordinate system in which the motion

of the molecules is obscrved. Since we are interested in a body which is mov-
ing with constant velocity through a gas at rest, there are two coordinate
systems with respect to which the motion may be observed. We may refer
the motion to a coordinate system that is stationary with rzspect to the gas or
we may use a coordinate system that ic fixed in the body. Since the expres-
sions for the acrodynamic coefficients have been written with respect to a co-
ordinate system fixed in the body, this is the coordinate system that will be
used Lo cornpule the mean (ree path of {he molecules.

There are four mean free paths that can be defined: The mean free path
of the incident molecules relative Lo themscelves, )\é,_' , the mean free path

of the incident imolecules relative to the reflected molecules, ’\L'P , the mean
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free path of the reflected molecules relative tothe incident molecules, An’_ ,
and the mean free path of the reflected molecules relative tothemselves,
Arr‘ '

Since the Knudsen numiber is used to deterimine when a free molecule
flow exists, it must indicate when the assumptions on which free molecule
flow is based are satisfied. These assumptions are: 1. it is assumed that
molecule-surface collisions are the governing physical phenomena, i.e. in-
cident molecule-surface collisions are more numerous than incident
molecule-incident molecule collisions near the body; and 2. it is assumed
that the incident and reflected molecules do not interact {collide} with each
other near the body, i.e. that collisions of the incident molecules with the
su-face are much more numerous than incident molecule-reflected molecule
collisions. Since the mean free path by definition is the average distance
travelled by a molecule between collisions with other molecules, a Knudsen
number based on >\u: will indicate when the first assumption is satisfied
and a Knudsen number based on >\L',- or )kri will indicate when the second as-
sumption is satisfied. To obtain a conservative estimate of when the second
assumption ig fulfilled, the smaller of the two mean free paths, >\,;,- and

>\N‘_ , will be used. It will be shown that >\L'p is the smaller of the two
mean free paths, and that, for a near earth satellite, the Knudsen number
based on AL',- is an order of magnitude smaller than the Knudsen number
based on >\¢'(,' when complete thermal accommodation is assumed. Thus,
the criteria for the existence of a free molecule flow is thatthe Knudsen num-
ber based on )\L'r must be greater than 10,

The mean free path is defined as the average distance a molecule travels
in unit time divided by the number of collisions it undergoes in unit time.
Relative to a coordinate system fixed in the body, thc preceding mean free

paths are given by the following expressions,

A=

/\ir = =

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION




A

LMSC 448514

where eJk is the collision freque'ncy of one type J molecule with all the
type }a molecules and C= %—’sn,—-’r 2 is the average speed of a molecule.
At this point it is convenient to introduce a guantity which we will need in the
future, >\w , the mean free path of the incident molecules relative to them-
selves referred to a coordinate system that is fixed in the gas. This is the
mean free path that is tabulated in most atmosphere tables, for example, the

1959 ARDC atmosphere. From Eq. {(12A) Appendix A, this is given as

.
Aw“J?m’lrda )

The collision frequency is independent of the coordinate system in which
the motion of the molecules is observed. It can be shown that the collision
frequency for a gas with mass motion is the same as that for a gas with no

mass motion. From eqn. (10A) Appendix A,

- . 2 T 2 2_.
6“, = Th d JE(-;—/T;‘) = ﬁn; rd C, (2)

2 B nd a'_
Srr ~ J_é N rd Cp (3)

Unfortunately, it is difficult to evaluate cxactly the collision frequency for a
mixture of two gascs which are at different temperatures and one of which
has a mass motion whilc thc othcr docs not. This situation occurs only in the
vicinity of a body in a {rece molecule flow. The collision frequencies e{’.)"

and er(_ are given approximatcly as

B = Wflaﬁr,? (4)
2
Or; =7d ni§g (5)
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Substituting into the expressions for the >\ ‘S the appropriatc €'s gives

Avi = 7 A
JZ h: C rd
A= .
oo 2
Lr 17,_7_7‘5{_ (6)
Ari = =t

”"ﬁ de

/
Arr = JZ A, Td?

The ;7—,. which appears in these expressions is the true number density of
reflected molecules in the vicinity of the body whereas the Py used in
Section II B was & fictitious number density which does not existarywhere in
the [low.

Before we can decide which of the two meanfree paths, >\“.. or /\,—é ,
is the smaller, ﬁr must be computed. This will, in general, bhe a function
of location on the surface of the body and distance away from the surface of
the body. Thus, we will compute an average r-xr . From continuity considera-
tions, we know that Ni = Nr. To determine n., we need to know the average
volume that the number of molecules reflected from unit area per unit time
occupy. This is given by an average velocity of the reflected molecules times

unit time, times unit area. Thus,

Fo= Nrtd A
r —
tdA

(7)

<
<il 2

To see that the total number of molecules that will be contained in this average
volume is Nr’ consider the following. By the assumption of diffuse reflection,

the same number of molecules with a particular velocity will leave an element

(8]
t
P
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of area in one direction as leave it in the opposite direction. Thus, it would be
expected that not all Nr molecules would be in the average volume V‘tdA

{see figure V-1). However, since each element of arca is

Surrounding
da's

Figure V-2

surrounded by other elements of area from which moleccules are leaving in all
directions, it seems probable that as many molecules will enter the average
volume above dA in unit time from the surrounding dA's as the number of
molecules which impinge on dA leave it (see figure V-2).

Since Nr = Ni’ and introducing the molecular speed ratio, we obtain
from Eq. (15B), appendix B

1.2

ne -7
Ny = W([FXS(H%JSH 4 :( (?)

There are many average velocities tﬁat may be defined. There are the
average speed of a molecule which may be moving in any direction in space,
the average speed of a molecule which can only move in the space above the
element of area,and the average component of velocity normal to the element
of area. It turns out that these velocities differ from each other by less than
25%. Since the purpose of these considerations is to determine if a free mole-
cule flow exists and since it is desirable to be conservative in our estimate,
we want Lo choose the smallest reasonable value of ALT’ which means that ;r
should be as large as possible, and thus the average velocity we use should be
the smallest one. The smallest average velocity is also the one which it

seermns reasonable to usc, the average velocity of the reflected molecules
5.5
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normal to the surface. To compute this, we procced as follows. ¢~ 1is the
velocity component normal to the element of area where the positive normal
is directed inward. The number of molecules in a given velocity range that

leav2 unit area of the surface in unit time is

("‘ U") n,.fala oA wr

where n is the number density of the fictitious gas from which the reflected
molecules are assumed to issue. The velocity normal to the surface that the

number of molecules in a given velocity range that leave unit area in unit time

carry with them is
v () nfdudvdue

The average normal velocity of the reflected molecules is then

+00 +%
P 2 s (1 Y e?)
dudr-dw

=7 _£
V= TN erm,

8
8

Performing the indicated integrations we find that

T — Nr 2R,
v,ﬂ__" r
Ny 4

(9)

From Section II, Part B, Eq. (17) gives n_ when the molecular speed

ratio is introduced as

2.2

=g ﬁ’ [[Ws( e+ € ] (r0)
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Substituting Eqs. (8) and (10) into (9) gives

V=-%[27RT 1)

The minus sign means that this ¥V is in the negative y direction, i.e. it is

directed outward, normal to the surface. Thus, we will use only the magnitude

ofv,
V=% [errT, (12)

Substituting Eqs. (8) and (12) into Eq. (7) gives for the average number
density of reflected molecules

e.c

= __ h [T ~9S
N, = - _Z/_'_: @'Fzrs(l-m,{b’S)-f- e -] (13)

Since we are interecsted in the greatest density of reflected molecules which
can occur, we want the maximum value of the above expression for ﬁr. This

occurs for large S when J§ —® 1 which occurs in the stagnation region of the

body. Thus, in the stagnation region

_ 2n. S

= BLiS/ T
e = T |7 (14)

Substitute Eq. (14) into the expression for A i This gives

)\Lr = Jr Z (%)

a A

2n,smd" | 7;
Forming the ratio A,j . and introducing the molecular speed ratio in ‘
g Y Are g re

gives

Xir o

Ar—é 4

L ]
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Thus, )\irc )‘riancl /\L-,. will be used to compute the Knudsen number which
indicates when the second assumption of free molecule flow is satisfied. In-

troduce /\00 into Eq. (15). This gives for )\ -

T5
Nr = [F $)F Ao (9

Now form the ratio Aé%\/_’[

Xir:ﬁ.’

Aié g2

(17)

SIS

From this expression, we seec that for S > 1, Tw< T.1 (which is the case for
a satellite), and nearly complecte encrgy accommodation, >\L')‘< >\(L‘ and the
critical Knudsen number is based on >\£r . When this is greater than ten,
the Knudsen number bascd on >\‘L will also be greater than ten. If there is
an appreciable lack of energy accommodation, the critical Knudsen number
may be based on )\éi . At the time this is written, it appears reasonable
to assume nearly complcte energy accommodation and to require that the
Knudsen number based on Aér be greater than ten for a free molecule flow

to exist, i.e.,

o~

Kn = T’: > /0
For large molecular specd ratios, )\L,. becomes a severe criteria for de-
termining whether or not a free molecule flow exists. In marginal cases, the
physical processes that arc occurring should be given a more detailed exami-
nation.

The preceding choice of >\,:r. as the critical mean free path differs from
Reference 7 in which }\H: was chosen. The result of Reference 7 was based
on the fact that in this article it was shown that thc actual number density of
reflecled particles falls off very rapidly away froin lhe body, and thus, only
very near the surfacc will the number density approach n and )\ir be less

than >\,.-L . Since this work was hased on the hyperthermal assumption and

n_ is a fictitious density th

: 4 PR H s - r
....... cexist anywhcerc in the flow, it was felt
r
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that the use of an average number density as presented here provides a more
appropriate criteria for determining when a free molecule flow exists. It

should be pointed out, however, that the ratio of AL',. to /\,.L' is g: which
is almost one.

B. COMPILATION OF THE AVAILABLE EQUATIONS
The equations for the aerodynamic coefficients which are available are:
FLAT PLATE WITH BOTH SIDES EXPOSED TO THE FLOW.

The orientation of this plate is given in Figure III-1.

CA: ﬁ" IF

A /
A F 7 F
Cy = z;,,fra HE T (%)

FLAT PLATE WITH ONE SIDE EXPOSED TC THE FLOW

The orientation of this plate is given in Figure III-2.
A cCF

Co=4%,T
T; cF
CM"'L

(13)

1
\
o

Z

it snould be noted that the center of pressure of a flat plate is always the

centroid of the arca of the plate. It is usually more convenient to use this

fact to compute the moment than to use the moment equations which are given
for the flat plates.
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RIGHT CIRCULAR CYLINDER

The orientation of the cylinder is given in Figure III-3.

CN= e {I +F CY]

CA = FT\)E' I4 ('E’.O)
wf
Yz 2 cy
CM= _E_L). Cn — r—:/—az——‘ L,
Lnf Any nyf

FRUSTUM OF A RIGHT CIRCULAR CONE

The orientation of the cone is given in Figure III-4.

C = \):*V‘ZM co T co
N _— {I/ -+ £ Iz }

2A,u/ Cood A
C, = YoV Zpd [0 [T <0 ‘
A 2A,L,/¢,432'I5'+"Frﬂf 21) j

o= AW 2 08)- (2= ]
— Zind/) )[I+7?I ]}
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SPHERICAL SEGMENT

The orientation of the spherical segment is given in Figure III-5.

Co =S [ Z7F 27}
C4=-7§i—/{1':” JE LT (22)

The preceding equations are valid for angles of attack which are positive
as defined in the figures giving the orientation of the different configurations.

For negative angles of attack,
CN ("0() =—-Cpy (O()

Cp (-8) = = Cm ()
but

CA (-0()-: CA (0()
where I(-—O()/ = X

C. RESOLUTION OF A VEHICLE INTO SIMPLE SHAPES

The next question which arises is that of shielding. The equations which have
been presented donot take into account the shielding of one part of a vehicle
by another part. The only shielding they consider is that of an exposed part

shielding a portion of itself such as the shielding of the back side of a cylinder
by its front side, The shielding at a given angle of attack is best determined

graphically using the techniques of descriptive geometry, For each angle of
attack, the exposed parts of the vehicle can then be divided into flat plates,
cylinders, cones and spherical segments, The aerodynamic coefficients are

computed at each ang:e of uttack fus wich piece of the vehicie and are then

5-11
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added together to give the total coefficients for the vehicle at each angle of

attack,

D. DETERMINATION OF THE PARAMETERS S, ’I‘i AND Tr'

The molecular speed ratio is given by § = Z/JER?"- where q is the
vehicle velocity, ’l'.1 the temperature of the incident molecules, and R the gas
constant for the particular gas of interest.

'I‘i is the temperature of the incident molecules and is obtained from an
atmosphere table.

The value to be used for Tr depends on the degree of thermal accomme-
dation that occurs. The scarcity of experimental datafor large molecular
speed ratios makes it difficult to specify the value of the thermal accommoda-
tion coefficient. In the results presented in this report, Tr was assumed con-
stant over the surface. Thus, if ’I‘r actually varies over the surface, an aver-

age Tr should be used. If complete thermal accommodation is assumed,

Tr = TW and the average wall temperature over the surface should be used.
In this case the value of(ﬁ;- /7: is not very sensitive to Tr because T,

is of the order of 2200° R and Tw is of the order of 500°R and a £50° varia-
tion in T does not affectﬁ:/_nj very much. Further, the value of the

I(s, «x , ﬁ ) due to the reflected molecules which is multiplied by"Tr/7;.
is usually an order of magnitude smaller than thel( § , X ,/9 ) due to the
incident molecules. Thus, for complete thermal accommodation, the error

introduced into the aerodynamic coefficicnts by using an average TW is not

very large. At the present time, it appears reasonable to assume nearly com-
plete energy accommodation.
If, however, very little thermal accommeodation occurs, the value of T.

may be very large due to the large mass velocity of the incident molecules

(of the order of 25,000 ft/sec) which gives them a large kinetic energy. Then,
if there is little thermal accommodation, the energy of the reflected mole-
cules, which for diffuse reflection is measured by T, will be very nearly
equal to the energy of the incident molecules and thus Tr will be large. In

fact, under theoc conditions 'I‘r > Tl and the va.ue of T will significantly
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affect the value of the aerodynamic coefficients. In this case, the value of T.
must be obtained from an energy balance for the surface. Thus, it is impor-
tant that the latest results of work on the problem of thermal accommodation
be incorporated as soon as possible into the free molecule aerodynamic analy-

sis.

E. PITCH AND YAW COMPONENTS OF THE AERODYNAMIC
COEFFICIENTS

The equations presented here give the aerodynamic coefficients in the
pPlane containing the velocity vector and the longitudinal axis of the vehicle,
the moment being about the axis normal to this plane. Thus, the forces in and
the moment normal to the plane containing the velocity vector and the longitu-
dinal axis can be determined for an arbitrarily oriented vehicle in a uniform
free molecule stream. [t is sometimes convenient to consider the pitch and
yaw components of the forces and moments on a vehicle. Since the equation
for the force on an element of area is non linear, this situation mnat be handled
by computing the forces in and moment about an axis normal to the plane
formed by the mass velocity vector and the longitudinal axis of the vehicle.
The CN and CM are then resolved into a pitch component and a yaw component.
CA is the total CA and remains unchanged.

The values of the free molecule flow functions, 1 ( § ,of , /4 ) are ob-
tained from the tables once the molecular speed ratio S, angle of attack & ,
and, in the case of the cone and spherical segment, the semi vertex angle d

or the sphere half angle el are known.
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SECTION VI
CONCLUDING REMARKS

At the present time there has not heen an experimental determination of
the free molecule aerodynamic coefficients of any bodies for Knudsen
numbers greater than 10 and molecular speed ratios between 5 and 10, The
only experimental work which has been done in the free molecule regime is
the heat transfer and drag measurements of Reference (8) for a cylinder
transverse to the flow, In this experiment the Knudsen number varied from
4 to 18F and the molecular speed ratio varied from 0,5 to 2,3, The high
Knudsen numbers were obtained by placing a 0,0031 inch diameter wire in a
low density wind tunnel,

The lack of experimental data is due primarily to two things, First,
it is very difficult to obtain a free molecule flow for which the Knudsen
number is greater than 10 and still use a model which is large enough to be
used for force and moment measurements, and second, even if a large
model can be used, the magnitude of the forces to be measured is within the
limits of accuracy of available equipment, Thus, there is essentially no
experimental data available that can be used to check the theoretical pre-
dictions in the Knudsen number and molecular speed ratio range of interest,

To further complicate the picture, the molecule-surface interaction
phenomena and its variation with angle of incidence, molecular speed ratio,
temperature, etc, is not very well known, There is also the problem of the
shielding of one surface by another, and the reflection of molecules from one
surface onto another, This latter problem has been discussed and results
given for the sphere (references 9 & 10) and infinite cylinder, reference 9,

It is evident that there is a large amount of work that must be done be-
fore we will have a complelec understanding of the processes occurring in a
free molecule flow, For these reasons, it is not possible at this time to
estimate the accuracy of the theoretical free molecule aerodynamic coef-
ficient predictions, The only thing that can be said is that they ar¢ na accu-
rate as we can predict thenvecticaliy,
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APPENDIX A

FUNDAMENTAL ASSUMPTIONS AND IDEAS
OF THE KINETIC THEORY OF GASES

The kinetic theory of gases rests upon two closely related hypotheses:
The first is that of the molecular structure of matter and the second is that
the degree of molecular motion is determined by the heat content of the
body, that is, the internal energy of the gas is contained in the random
translational motion of the molecules, The physical model upon which
kinetic theory is based is that of an assembly of gas molecules in a con-
tainer in random motion, bumping into themselves and the walls of the con-
tainer, Kinetic theory is a statistical theory, that is, it is based on the
laws of chance,

Theoretically it is possible from the laws of dynamics to completely
describe the motion of all the molecules of a gas in a container, However,
this is of little interest, Complete knowledge of the history of every
molecule in the gas is not what we are seeking; we need to know only so
much about the molecular motions as will suffice to explain and predict
quantitatively the observable macroscopic properties of the gas such as
pressurc or viscosity, Kinetic theory attempts to explain these properties
in terms of the molecular structure and the forces between the molecules,

To say anything quantitative, we must say something about the geo-
metry ol the molecules, We will picture a molecule as a rigid, perfectly
elastic, spherical body, that is, a billiard ball, This assumption means
that no momentum or energy will be transferred to the internal degrees of
freedom of the molecule and thus momentum and energy will be conserved
during collision, The justification for this assumption of a billiard ball
molecule is in its success in predicting lhe properlies of a real gas, One
of the mcst striking features of the kinetic theory is the extent to which it is
possible to predict the behavior of a gas as a whole, while remaining in

2lmort complete ignorance of the hehavior and nraperties of the molecnlers
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of which it is composed, The reason for this is that many properties of
gases depend only on general dynamical principles such as the conservation
of energy and momentum,

Four things are required to specify the properties of a gas:

1, The diameter of cach molecule, 2, the mass of each molecule,

3, the number of molecules per unit volume and 4, the distribution of the
random motion »f the molecules, Once the particular gas of interest is
specified, the molecular diameter and mass are known, The number of
molecules per unit volume is determined once the density is specified,
That leaves only the distribution of the random motion of the molecules to
be determined,

A distribution function may be defined as follows, A distribution
function gives some sort of value (i,e, density, velocity, etc,) associated
with a "volume' in some "space'', We want to find the velocity distribution
function for a steady state distribution of velocities, In the steady state,
the distribution function will be independent of time.

A molecule may be said to have six coordinates, three spacial coor-
dinates, and three velociiy coordinates, Let the spacial coordinates be
%, ¥, 2z and the velocity coordinates be u, v, w corresponding to velocities

in the x, y, and z directions respectively, Let n be the number of molecules

per unit volume, We want to know how many molecules have velocities
which lie betweenu and v 4 du, vandv + dv, wand w + dw. If we define
the density of velocities with coordinates u, v, was T , then T {u, v, w)
is the distribution function for velocity in the velocity space. It gives the
number of points in an element of volume, du dv dw, in velocity space.

Since each point corresponds to one molecule in %, y, z space, U gives

the number of molecules with velocities in du dv dw. Then the number of

molccules per unit volume with velocities between uw and u + du, v and

v ¥ dv, wandw +dw is

dh = Tdu dv-dw

We will define the normalized distribution function as

(v, v, w)

;(u, Vy w) = —_—

n
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Using this notation, dn becomes
dn = nfw,rw) dadrdw

Since n is the number of molecules per unit volume, the probability that the
velocity of a molecule selected at random from the element of volume dx dy
dz will be in the range u to u+du, v to v4dv and w to wdw is

-c—i-? =1f (u, v, w)dudvdw,

We now search for a steady state law for the distribution of velocity in a
gas, A rigorous derivation of the Maxwell velocity distribution function is a
tedious procedure, Since its existence has been verified experimentally, it
may be considered a known physical law and the following discussion may be
considcred as a plausibility argument for its existence, Since it is assumed
that the molecules in a gas do not effect each other except during collision,
the only way the velocity of a molecule can be changed is by a collision with
another molecule, Consider two molecules in collision, molecules A and B

with velocities before and after collision as indicated below,

Before Collision After Collision
Molecule A u, v, w u, v, w
’ -t =7 !
Molecule B w', v’ ow’ u, v, w
al ol al,
(G, v,y

{uyvyw)
Figure A-l

In order to determince the velocities after collision, the direction of the line
of centers as well as the initial velocities must be known, Let type (X
collisions be collisions of molecules with given velocities (u, v, w) and (u’,

‘_,” \.x.r/) and given direction of line of centers, The number of ccllisions of

A-3
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this type will be proportional to the number of molecules of class (u, v, w)

and of class (u’, v /, w’) which are present,

The number of molecules of class {u, v, W) = nf (v, v, w)dudvdw
per unit volume,

p ’ /
The number of molecules of class (u’, v/, w’){ = nf (u’, v/, w’ ) du'dodw*
per unit volume.

The number of collisions of type (X will be proportional to the preduct of the
number of molecules of classes A and B that are present, Thus the number
of collisions of type ¢X per unit volume per unit time is

Ay P (irer )l fur ) dudrd i du doiduc’
where Ag  is the function of proportionality., A,y is a function of:

(1) the diameter of the molecules - the larger the molecules,
the more likely they are to have a collision,

(2) the relative velocity of the molecules - molecules moving
parallel to each other are not likely to run into each other
while if they are moving toward each other, they are very
likely to have a collision,

(3) the direction of the line of ceuwters,

To be completely rigorous, we should determine the functional form of Ay ,

However, this is a detailed question and we will not go into it since it is not

necessary to know A g in order to determine the distribution function,

During each collision of type O , one molecule of class (u, v, w)and (u/,

v”/, w’)is lost and one molecule of class (G, v, W) and (ﬁ,, \7/, \?/’) is gained,
Now let a type ﬁ collision be the inverse of a type & collision, that

. U . . . - = = -7 [ L
is, it is a collision with velocity (i, ¥, W)and (i, ¥ , W ) before collision

/

and velocity (u, v, w)and (v/, v”, w’) after collision, Using reasonin
y lu, v, ) ’ g g

similar to that for a lype X collision, we find that the number of collisions
of type ﬁ;’ per unit volume per unit time = A,g n’s (u, v, w)(@ ", v ’, w’)
dadvdwda’ dv/d%/ .

The relative velocities of the molecules in type X and /3 collisions

are the same,. The diameters of the molecules are the same because all the

y—

molecules are physically the same, From the dynamicg of the collisions and

A-4
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the definition of a type ﬁ collision, the direction of the line of centers is the
same for type @ and ﬁ collisions, Therefore,

A o = Aﬁ , ,

It can be shown that dudvdw du’dv’dw’ = dudvdw du’dv’dw’. Using

these facts,

—t =t/
the number of collisions of typeﬁ} = Ay nz-f(d'lﬁ'-, u"}-)‘f(u.J' U‘,ur}dua’u-o{urdlugo-/a'ur’
per unit volume per unit time

The net gain of molecules of class (u, v, w)per unit volume per unit
time as a result of collisions of type=s (X and /3 is equal to the number of
molecules gained by type ﬁ collisicns minus the number of molecules lost
by type X collisions

1 I'4

= Ao( nz[f(ﬁ', v, Wi{a, v, WI)-‘I(U, v, w)f(u,, v', w’)]dudvdw du’ dv’ dw’

If we set the term in brackets egqual to 0, we have that

- - - Y N -7 7 ’ p)
flu, v, wilu , v, w }-flu, v, wiffu’', v', w') =0

(2-4)

This means that there will be no net gain or loss of molecules of class (u,
v, w}, If this term is zern, then since A which depends on the direction
of the line of centers does not appear in the brackets, it is zero regardless
of the direction cf the line of centers, Further, if we require that the term
in brackets be zero for all velocities, then the gas is in equilibrium,
Equation (2-A) is a sufficient condition for equilibrium, Boltzmann showed
that it is also a necessary condition for equilibrium, Thus, for a steady
state to exist, every collision and its inverse must be in equilibrium, This
is a special case of the principle of detailed balance which states that if a
substance is in macroscopic equilibrium, every micrcscopic process occur-
ing inside the medium must be in equilibrium,

In order to determine the equilibrium velocity distribution function, we
must solve Equation (2-A) subject to the restraints placed on u, v, w, u’/,

/ - - = =/ =) =/ R
v w’, u, v, w, u, v , w by the energy and momentum conservation

3y
equations [or a molecular collision, Take logarithms of Equation {2A) and
rearrange, This gives

¢ _t _
In flu, v, w)+ Influ’, v

- - - -y
' w'y = 1n flu, v, w)Finflu’, v, w)
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. / —
Let F'= Inf, Then, F(u, v, w)# F(u’, v/, w')=F(§, ¥, ®)+F(iE’, ¢, «)
(3-A)

To solve equation {3A) we need some functions of velocity which have the
same form before and after collision, We have four such functions, three
from the conservation of momentum and one from the conservation of energy
{mu, mv, mw and m(uz-{- v2+w2), Since each of these is a solution of the

equation, a linear combination of them will also be a solution, Thus
F(u, v, w)=o(,m(u2+v2+w2) + O(zmu+043mv+ O(4mw+0<5,

It can be shown that this is the only solution of this equation, Rearranging

the constants we obtain
In f(u, v, w)= X lrn[(u—uu)z-,i- (v-vu)z-f- (W-WO)ZJ + Xp
or

f(u, v, w) = Ae_/? m[ (u-uo)2+ (v-vo)2+ (w—wo)zj (4-A)

We now have to determine the constants which appear in equation (4-A),
The probability of finding a molecule for which (u-uo) is negative is the same
as the probability of finding a molecule for which (u-uo) is positive, Thus,
the average value of (u-uo) is zero, Since

u-uo = 0,

w-u =0
and u = L_lo =u becausc u, is a constant, This indicates that u is the mass
velocity of the gas, Thus, uoy Yy and w, are the components of the mass
motion of the gas, For no mass motion,
- ﬁm(u%\‘-vz-f-wz)

f(u, v, w) = Ae
where in this case, u, v and w are the components of the thermal motion of
the molecules,

Now, the number of molecules with a particular velocity is n‘ﬁ{udu-dan
The integral of this over all pussible velocilies will give the total number of

molecules in a unit volume. Thus
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iy

+ Q0
ffjhfdudvdw = R
— 0D

Since n is a constant, it can be factored out of the integral,

+ Q0
/f fdudvdw = 1
-

Substituting in for { in the case of no mass motion gives

Then

+00 i +00 + o0 2
-m/ _ e - w

A/C Ao [e™ 4v | € "Pdar = 1

-

-0 -0

Performing the integrations we obtain
32

Alan) =1

-3
-

It can be shown thatl the average value of u™ is

where k is the universal gas constant per molecule,

fA :
The average value of u can be determined by

+ 00
ut = jf{u_af(a,u;w}'dadu-dw-
- 00

Ay
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Equating these two expressions for uz gives 4 oo 2 +Q0 2
— AN S Ty -3t
2 _kr_ [T e TP jule " Ao | e A
- _ -0
_ A
..K T = (._2:) 2[2.—/_ r Jé
m ﬂm 4. /33»73
K+ - 1
wm T 2B m
/

L BE ST (6-/7)

Substituting this value for into the expression for A gives
g P g
-%2

A= (377;-—/51) (7-A)

Using these values for ﬁ and A, f becomes
2 2 2
32 _a;,nﬁ(u + )
_ m -
Flusm = (Fhz) e (¢-4)

This is the Maxwell velocity distribution function for a gas in equilibrium

with itself where u, v, and w are the components of the random thermal
motion of the molecules,

Since we must know the mean free path of the molecules in order to
determine the flow regime, we will now derive an expression for thls quan-

tit,y, Consid..r the frequency of collisions be'-vuc» roicrules of 1ypc

Y

Pond 2

A-8
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We have a volume V with Nl molecules of type 1 with velocity denoted by
¢y =<y (ul, Vi Wl) and N2 molecules of type 2 with velocity denoted by
Cy = Cy (uz, Vo WZ)' The frequency of collisions will depend on the relative
velocity between molecules 1 and 2, If the relative velocity is zero, the

molecules will not collide, The relative velocity c. is defined as

1
r =J7u1 ) u2)2 ooy - ”'2)2+ (wy - Wz)z

We want the average c.over all molecules of typesl and 2, First we will
average ¢ _ for a given type 1 molecule over all type 2 molecules, Then we

will average this over all type 1 molecules to obtain the average over all

molecules of types | and 2,

The number of molecules of type 2 with a given velocity c, is

2

N2 fz (CZ) (iuzdvadwz,

The average speed of one molecule of type 1 with velocity ¢, relative to all

1
molecules of type 2 is

+00
j gS c. NZ fz(cz) duzdvzdw2
S NZ

The number of molecules of type 1} = Nl £ (ul, v wl) duldvldwl,
with given velocity <y .

The average velocity of all molecules o
of type 1 relative to all molecules = Cr
of type 2

400

+ o0

J{ {cr fz (uZVZWZ) duZdVZdWZJ 1\1 [1 (ul vy wl) Lluldvldw1

o
00

+ o0
<. = Jj . fl (ulvlwl) fz(uzvzwz) duldv1dwlduzdvzdw2
—00

A-9
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It can be shown that in a mixture of gases in equilibrium, each gas has a

maxwellian velocity distribution, Thus

-z/rr (h’h & +my z}

’5/2
~ = [(Mm
6= s / f J f [[ore dudvrdeidce gl

Performing the indicated integrations we obtain

L
(4
= Bk 7
C. = (77— -A
where m* E'_nl?__ is the reduced mass,
2 m +ms

We now wish to find the frequency of collision between type 1 and type 2

molecules, Consider a type 1 molecule moving through type 2 molecules,

The radius of the sphere of influence
is d = 4‘ "'51?_ .
12 )

The type 1 molecule is moving
relative to the type 2 molecules with

the average relative velocity Er

Figure A-3

The distance traveled by a type 1 molecule in time t is 'c'rt,

The volume swept out by the sphere of inﬂuencel _ 'C" 7Td?_
per unit time ! = TF 12

oy

|
} A-10
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The average rate of collision of one type | molecule with type 2 molecules
is e 12 Then

2 = 2 [okr \ 2
@,e = e ”d/a Cr = Thy drz m)

This holds for any number of molecules 1, 2, 3,

Thus, the average rate of collision of one type 1 molecule with molecules
of types L, 2, 3, ..... S is

Yo da
S, =26, =(swr7) £ ls%ks
S S (mg‘)/z

— 2 1
6 = [sTkT Sﬁns d,s {;7,- + 5 (10 -A)

The mean free path of type | molecules is the average distance traveled
between collisions, It is given by the ratio of the distance traveled per unit
time to the average number of collisions per unit time, Thus,

L
. SKT ) 2
A - C/ - rml
/

- 2 [ 1T
J% 7T £ g d‘ﬁ/:n, *

/

where El is the average velocity of the type 1 molecules,
) s (11-2)
= z = Y,
[ 7’,% ns d's ‘/{4_ r'%‘ v/
s

This expression is rigorously accurate for a mixlure of molecules in thermo-
dynamic equilibrium, If all the molecules are the same,

1 becomes
>\ _ /
T2 rnAd (
A-11
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APPENDIX B
INTEGRATION OF THE EQUATION FOR THE FORCE
ON AN ELEMENT OF AREA

We want to cvaluate the integrals in the equation
+0 +00 40
éf: n; j(/éu+.iu- +Tw) rfdudordur
dA
-0 o -%
400 O

+mn,ff J(kwﬂw-;ntur)u-fdadwdw (i-8)

-0 _p _w

—% —
where -/ e _é._é.;[(q-a)2+(w—r) +(W'-ur)]
= (z77)

+
{

N — 2
(ﬁ)% e‘ﬁ[(wi)l*f(‘f“") +r-7) | (2-8)
”‘

/

and e

aRT

These integrations were carried out with the aid of appendix one in refer-

ence (14), Consider the first term of Eq. (1-B). It can he written asg

w
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’77/7 j](ka+£w+tWJLffdadwdw

~00
o-® o0 0 40 +00 128 40

N RO .

— 00 ~od O —p8
+40~+w-+w

+t/f fw"(/'fdadcfdaf‘ (3-8)

—~ O —pb

We will evaluate the mtcgrals of Eq
+a¢+v°+oo + 5o

fhudvrdo = (£ -pl(u-2) Yy () + () J
£ fau*duc{ . () f[ul/‘e

(3-B) separately

dudvdw (4-8)

Let the components of the thermal motions of the molecules be repre-

sented by H1 in x direction, H2 in the y direction and H3 in the z direction.
Then

u u o+ Ho, u-[l:Hl
v = v o+ 5 v-§=I—IZ
w o= w ot 3 w-\,:le3
du=dHl
dv=dH2
dw:dH3

B-2
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because u, v, and w, the components of the mass velocity, are constants.

Making this substitution eq. (4-B) becomes
+X 45010 3, +R0 +9° +%0

[ ] wrtaucdetur = (2] J /(W (R e

~% d-—ﬁ "ﬁ -(,— -

Since the random motions are independent of each other, the above equa-

tion can be written as

Ifi{jcr{duc/w!ur (—*) [[(aﬂf,)e a’;i] f"*”a d///ﬂ(—ﬁ y”}
) [ . *0][ TI7 (o 7))+ 25 "5‘;"]”,?
Tv]oo {:u-‘fdad(rolw- = 5 (___'[U_‘/ﬂ, (/"‘va'f’)-,t ﬁ(;zj (525

The _second integral is evaluatcd as follows 2
4D $00 +0D ) an 2y —3He f —-/3H 3'
s fdudrda _(E/ /- cmf((f“u-ﬂzwz)e Aty |€
- 0~ —

-

’-(ﬁ)&[ﬁ[ F(Hm{w‘/—‘}+
B b7 ]//ﬂ
=B B o)+ 5 & s o)

J 2Ly v = %[Fﬁ(/+W@F)ﬁg' ]-4-4/',3 (1+24f5f3°) (6-B)
— v

=2

%

ot——+

+

!
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0 +—£he third integral is evalu:ted as follows +0b pqz
40 ot
f j wofdudrda- = (-— 2/ dﬁ,ﬁuw He)e a///,/(c;+u3)e AH,
o g
Z - -
/ﬁ) T [’ (z+m0'(ff)+ 4 e’ ][u-; %—;#
+4 o0 +00 _ _/g[}:_z
- — (1 - / :
L!—:”U‘fdadu-dar = g(—ﬁi,,[uﬁ (1+f/z{o-,/ﬁ') +L/k~_,- e J (7-8)

Substituting into Eq. (3~B), cgvations 5-B), (6-B) and (7-B) we get

"‘1.

FA F00 +0
m”éj [ j(ku + v +tw) rfdudirde
-0 0 50 » .— | e
= mnc-{Ej?r-_.*(/ei+1¢7+tw)[u-</77'(/+ﬂﬂja‘-//,?'/%_e ]
& o) o
B-4
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Now consider the second term of Eq. (1-B). It can be written as

F0 O ob
man,. ]f(ku+£w+tru/)w{dadew
~8 =0 =X 450 O 400 +0 O+
= rmn, }zj J j‘“"fd“d"'dw'+ffj fafa(ad'"d’w'
00 o0 o R g
400 O 9400
.,.t/./ fw-u-fdudu-a/ur (9-#)
—0 =00 o0

This term gives the force due to the re-cmitted molecules which we
assumed reflected diffusely, i, e, they are assumed to issae randomly from a
fictitious gas which has a maxwellian velocity distributionr corresponding to
Tr and no mass motion relative to the element of area. 7Thus, the only ve-
locity the reflected molecules possess is their random thermal motion cor-

responding to Tr' Thus,

u = Hl’ v = HZ’ W= H3 and
du = d.Hl, v = de, dw = dH,.
We o\:lll evaluate these mtcg,rals one at a t11r~e + 70
Tf Tuwfdadwuw = (ﬁ—) /H e dHszepr ;/’fzjé/sp”a"/h‘3 © (10-8)
-0~ = ~00 -

o0 O 109 3e 1% A 2 HE
.jf J( J(b"zfdua’vc/w- "(’4') / 4 Ha/”. [Hze/gbﬁza/‘{z[ 1 30/""[
0D b

6 2o ;o o
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Let Ha_ ==X H, = —ob X 0
de — -d)( HZ— O) X 0
2 0 r—
Z =Prif o =/3RX 2 -3rX |
JHZ AH, = ~/x e’ d x“e dx= 3%
) 2 °
0 +2%
2 rdur = & (1-8)
JJ jU‘ Fdudir-dur i
-6 = -0
400 O +w 4 Yo - /3F p, a’ HBJH.
j wc"{daa/u-dar (’") f ’/z 3
_w-m ~00
=0 (12 -8)

Substituting eqs. (10-B), (11-B) and (12-B) into eq. (9-B) gives

-f-m < +o
mn, f(/zu-i-jv'-/-taf)v‘fdadu-dur m 1 4‘ﬁ (13-8)

—ooao

|
1 where /3'_= SR

W
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At first it might seem surprising that the reflected molecules contribute
only a force normal to the surface. However, if it is remembered thot when
we assumed that the molecules where diffusely reflected, it was assumed that
they were reemitted in a random manner, that is, as many molecules with a
particular velocity leave the surface in one direction as in the opposite direc-
tion. Thus, the tangential momentum components cancel each other out.
Therefore, this result is to bc cxpected.

Substituting equations (&-B) and (13-B) into equation (1-B) gives for the

component of the total force on a element of area in a particular direction

4E - i [ (e s 7 2 )l (5 2478 )t g € ]

+i/i—(/+_a/1(0-‘,//?)} +/'ﬁ”’/-4-_ﬁ: (14-B)

Determination of n_

The number of molccules in the velocity range u tou + du, vto v + dv, wto

w + dw that impinge on the element of area in unit time is

n; v Fdudedw

The total number of mc.ecules in all velocity ranges that impiuge on the ele-

ment of area in unit time is

+ +GD +20
Ng = /7{/ _/J o~ fdud-dur

—-a0 @ =tb
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This mtegral lS evaluated m a manner smular to the previous integrals.

Ne =h (-@./3/‘/ /(U--HIZ)Z c//{Z/ /Bsa/h'j‘
= ni() V[ F (o) » 5™ F

—2
o= D= I /15-8
Ne = 3 i [FF (1 ef 2f) + 55 ] (15-8)

We proceed in a similar manner for the reflected molecules.

“Q

The number of molecules in the velocity range utou + du, vto v+ dv, wto

w + dw that leave the element of area per unit time is
N - ) Fdudrdu

The total number of molecules in all velocity ranges that leave the ele-

ment of area in unit time is

+0 0 +®

N, = ,-,r f j(mu)fcludu—dw-

~A =

Since the fictitious gas from which the reflected molecules are assumed

to issue has no mass motion relative to the surface, the integral becomes

+20

= Ay ) ﬁ’ a//f/(~ .)€ a/sz -/qu/”@

- 00
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_ 32 0 /o He
N -nr(ﬁ,@” //-?5/-7’—; [ CHe)eT e
-0

LeT H?_Z-X ydHe = - and  Hy==ob) X=00 j Hp= 0, X=0

- /5, -r-X 00._ Xz
jHL /’1 /xe a’x_fxe“?”dx=é—’;r

(]

. e /¢ —B)
o Ny = W (

From continuity, since molecules cannot be created or destroyed,

N; =N, (17-8)

Substituting in eq. (17-B) for Ni and Nr and solving for n_ gives

4

= niffr [ (g o)+ 3 ﬁw] (1%-8)

The function, erf x, which appears in the preceding equations is defined

as

x= 2 [ e
2fX = | e dy (19-8)

(o
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APPENDIX C
TABLES OF THE FREE MOLECULE FLOW FUNCTIONS

Due to their bulk, the tables of the free molecule flow functions have
been published under separate cover and will be supplied to interested persons
upon request. Requests should be sent to:
Project Publications and Services
Department 61-62

Lockheed Missiles and Space Company
Sunnyvale, California

The tables have been published under the title "Tables of Free Molecule

Flow Functions, Appendix Cto LMSC Technical Report 448514" and has been
given the number LMSC 448514-1,
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